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ON A CLASS OF SPLINES FREE OF GIBBS PHENOMENON

SERGIO AMAT!, JUAN Ruiz!*, CHI-WANG SHU? AND JUAN CARLOS TRILLO!

Abstract. When interpolating data with certain regularity, spline functions are useful. They are
defined as piecewise polynomials that satisfy certain regularity conditions at the joints. In the literature
about splines it is possible to find several references that study the apparition of Gibbs phenomenon
close to jump discontinuities in the results obtained by spline interpolation. This work is devoted to the
construction and analysis of a new nonlinear technique that allows to improve the accuracy of splines
near jump discontinuities eliminating the Gibbs phenomenon. The adaption is easily attained through
a nonlinear modification of the right hand side of the system of equations of the spline, that contains
divided differences. The modification is based on the use of a new limiter specifically designed to attain
adaption close to jumps in the function. The new limiter can be seen as a nonlinear weighted mean
that has better adaption properties than the linear weighted mean. We will prove that the nonlinear
modification introduced in the spline keeps the maximum theoretical accuracy in all the domain except
at the intervals that contain a jump discontinuity, where Gibbs oscillations are eliminated. Diffusion
is introduced, but this is fine if the discontinuity appears due to a discretization of a high gradient
with not enough accuracy. The new technique is introduced for cubic splines, but the theory presented
allows to generalize the results very easily to splines of any order. The experiments presented satisfy
the theoretical aspects analyzed in the paper.
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1. INTRODUCTION

A spline can be defined as any function constructed from one or more polynomial pieces that are joined
together satisfying given differentiability requirements. These functions are widely used in the industry for
computational aided geometric design where splines are used to represent geometric entities. Some applications
of splines can be found in [1,13,18,20,21,23,31] and the references therein. When working with splines without
multiple knots, it happens that in the presence of discontinuities in the function or its derivatives, numerical
artifacts always come into scene. Also, in industrial applications where the modelization is done through the use
of discretization grids, numerical discontinuities appear close to high gradients when the grid is not fine enough.
In these cases it is usually needed an ad hoc local refinement of the grid in order to avoid numerical artifacts.
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2 S. AMAT ET AL.

Splines have also been widely used for function approximation, where the same kind of problems appear when
dealing with discontinuous functions.

In the literature about interpolation and approximation, the classical approach consists in using linear meth-
ods, see for example Chapter 1 of [21] or [31] and the references therein. Automatic adaption to data with low
regularity is offered by nonlinear approximation and wavelet methods, see [22]. Other approaches, following
Harten’s path of constructing nonlinear reconstruction operators, Amat et al. [6,8,9,11,12] introduce a nonlin-
ear processing of data that attains adaption to discontinuities, although none of this papers deals directly with
the theoretical elimination of Gibbs effects. In [26,27], the author proposes nonlinear multiresolution methods
for data compression and interpolation. In [28,29], the authors apply nonlinear shock capturing schemes to
solve PDEs that arise from conservation laws. In [2,4,8,15-17], the authors adapt these methods to function
approximation and image processing using multiresolution schemes. It seems that, when working with splines,
the more accepted approach is to directly construct a piecewise polynomial function of the chosen order using
the available data, not taking into account the possible discontinuities that can be contained in these data. This
strategy directly leads to the apparition of Gibbs effect [24,30,39] in the reconstructed function. The solution
that we propose to solve some of these problems is to introduce a nonlinear treatment of the right hand side of
the system of equations that determines the spline. The modification is designed to attain adaption automat-
ically when discontinuities in the function occur. Other approaches to eliminate Gibbs phenomenon, although
without automatic adaption to discontinuities, have been addressed before in previous articles [32,37].

The problem that arises from using linear techniques is related to the accuracy of the approximation near the
discontinuities: the order of approximation is lost due to Gibbs effect and diffusion. Any stencil that touches the
discontinuity will be affected and the approximation will be inaccurate. Because of this fact, the increasing of
the length of the stencil will not improve the approximation accuracy and will result in larger regions affected
around discontinuities. A solution for this problem is to choose stencils that do not cross discontinuities. This is
the key idea beneath ENO (Essentially Non Oscillatory) interpolation, first introduced by Harten et al. [28,29]
in the context of conservation laws. Using ENO strategy, the regions affected by discontinuities are reduced to
an interval that contains the discontinuity. This is possible because ENO strategy selects among several, the
stencil that is not affected by the discontinuity. The interested reader can refer to [4,5,16,19,28,29,33-36] and
the references therein in order to obtain more information about ENO. Unfortuntatelly, this strategy is not
designed to work with splines. In [14], the authors try to adapt splines detecting the position of discontinuities
and breaking the spline in several pieces. In this article we will use a different strategy: to introduce a nonlinear
modification in the spline such that adaption is attained automatically without using any explicit detection
of discontinuities. The motivation of this strategy is that it is imposible to know the exact position of jump
discontinuities from the sampling of a function, as the exact position of this kind of discontinuities is lost during
the process of discretization. Thus, it is convenient to design strategies to attain adaption to discontinuities even
when the exact position of the discontinuity can not be known. As mentioned before, in [14] the authors propose
a strategy to adapt splines to the presence of corner singularities in the point values using a detection technique.
The mentioned strategy can not be used for jump discontinuities in the point values, as it is not possible to
localize the position of the discontinuity. It can not be used neither with numerical discontinuities, i.e. when
the sampling rate is not high enough to capture high gradients. In these cases the resultant discontinuity is
considered numeric, as it is produced by the discretization process, and the reconstruction should recover the
diffusion that was originally present in the continuous function, but avoiding Gibbs oscillations. If the function
is contaminated with noise, the technique presented in [14] losses its effectiveness. This is due to the fact that
noise reduces the original regularity of the data, if that data has been obtained from the sampling of a function
with certain regularity. The technique in [14] is precisely based on the regularity of the data, as it uses differences
or divided differences to detect the presence of discontinuities. If noise is present, the new technique presented
in this article can be an option to attain adaption to discontinuities.

Summarizing, in this article it is our aim to design a new class of nonlinear splines adapted to the presence
of discontinuities in the function, such that Gibbs effect is eliminated in the reconstructed function close to
this kind of discontinuities. We will see that the problem is not trivial and that, in order to solve it, many
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ON A CLASS OF SPLINES FREE OF GIBBS PHENOMENON 3

considerations must be taken into account. The objective is to attain adaption close to jump discontinuities
while maintaining the order of accuracy reached by cubic splines at smooth zones. The core of the new method
will be based on the design of a nonlinear weighted mean with suitable adaption properties close to jump
discontinuities. As far as we know, it is the first time that this kind of mean appears in the literature. It is based
on a generalization for non uniform grids of the already existing limiters introduced in [33] and called p-power
means. The new method is robust even in the presence of noise and the results obtained numerically confirm
the theoretical aspects analyzed in the paper.

The present work is organized as follows: Section 2 describes the discretization that we will use, explains how
classical splines are obtained and how to adapt them to the presence of discontinuities. Section 3 introduces
and analyzes the properties of a new nonlinear weighted mean that is used to construct a new class of splines
adapted to the presence of jump discontinuities. Section 4 studies the approximation properties of the new class
of splines close to discontinuities. Section 5 presents some numerical experiments where it is shown how the new
nonlinear splines perform close to jump discontinuities with uniform and non uniform grid spacing. Section 6
presents some conclusions. Finally, Appendix A analyzes the accuracy of cubic splines close to discontinuities
and Appendix B gives a bound for the overshoot of cubic splines close to the jump of a step function.

2. CLASSICAL CUBIC SPLINES

In the literature, many references can be found about splines, for example [21] treats the field from a practical
point of view and presents an extensive bibliography for the interested reader. In this work, we will try to build
a sequence of polynomials of degree three in order to obtain a piecewise polynomial function that is C?: a cubic
spline. Functions with C? regularity are the most used in CAD (computational aided design) and industrial
design, as they present suitable properties for aerodynamics and hydrodynamics.

In this section we will introduce the classical cubic splines in order to obtain a self contained paper. From this
construction we put some emphasis in the parts that allow to obtain a nonlinear spline adapted to discontinuities.

First of all, let us describe the discretization of the data that we will use along the article. Let’s consider the
set of piecewise continuous functions in the interval [a, b], the space of finite sequences V of length N =m + 1
and let X be a uniform or non-uniform partition of the interval [a, b] in m subintervals,

X = {1‘7;},:-10, To = a, h,’ =T; — Tj—-1-
Let’s consider now the point-values discretization, that we define as,
yi =y (z;),i=0,...,m.

In order to construct the spline g(z) in the interval [a, b], we will start from m + 1 pairs of values (z;,y;),7 =
0,...,m and the expression of the polynomial g;(z) at a particular interval [z;, 2;11], such that g(x) = g;(x), © €
[xia xi-i-l] ’

gi(x) = a; (x — 23)° + b (x — 2:)° + ¢; (x — 2;) + d;. (2.1)

According to spline theory the polynomial g;(z) satisfying

gi—1 (xz) = Yi,
gi1 (i) = gi (x),
i (l’z) = Yi,
9iq (x:) = g;' (1) (2.2)
and
g0 (Io) = Yo,
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gives a cubic spline that is at least C2. Solving the previous equations, we obtain that,

di = Yi,
¢; =Dy,
0 = hiv1Dip1 + Di’“{iﬂ + 2y; — 2yi+1’ (2.3)
h3
1+1
p, — _ Mi1Divs + 2Dihits + 3yi — 3yivs
iy ’

where D; stand for the first derivatives at every interior knot.
In fact it is possible to express the polynomial spline in (2.1) in terms of the Hermite basis {b1,be, b3, bs}
such that

by (z;) = 1, by (zi1) = 0, by (z;) =0, by (zi11) =0,
by (2;) = 0, by (zi1) = 1, by (z;) =0, by (zi11) =0,
bs (z;) = 0, bz (zit1) = 0, b3 (z;) =1, b3 (zi11) =0,
by (z;) =0, by (wi31) =0, by (x;) =0, b (vi11) = 1.

For the uniform case we get,

9i(z) = (hDit1 + Dih + 2y; — 2y;11) 8° — (hDjj1 + 2D;h + 3y; — 3yiy1) 8> + Dihs + y;,
= (1 —5%(3 - 28)) yi + 8%(3 — 28)yiy1 + (33 — 242+ s) hD; + (33 — 32) hD;yq (2.4)
= b1(8)yi + ba(s)yit1 + b3(s)hD; + ba(s)hDiy1,

for s = &5 € [0,1].

Now, in order to compute the D; values, we have m — 1 conditions due to the continuity requirement in
the second derivative. Since we have to determine m + 1 unknowns, two more conditions must be chosen for
the boundary conditions. Several options are available in the literature. Some examples are: the natural cubic
spline if we suppose that the second derivatives are equal to zero at the boundaries, the not-a-knot condition,
that imposes the condition that the first and the last interior nodes at x; and z,_1 are not knots anymore,
the complete cubic spline if we impose slope conditions at the boundaries. .. In this work we have chosen the
natural cubic spline, as we are not interested in the accuracy of the spline at the boundaries, but at points close
to the discontinuity. Any other boundary condition might have been chosen. However, it is important to have in
mind that the boundary conditions may affect the precision of the splines in the /., norm. The only boundary
condition that assure maximum accuracy in infinity norm are those that imply using real data, i.e. for example
true derivatives or second derivatives at the boundaries. Other conditions may imply order reduction close to
the boundaries and, necessarily, order reduction in the infinity norm.

Let’s obtain a system of equations for the D;. Replacing the expression of the spline (2.1) in (2.2), we obtain,

D;— 1 1 D; = R
11+2<—|—)D1+ l+1:3<yz+l yz+yz Yi l>.

h; hi  hit1 hiy1 h?, hy

Choosing now the natural boundary conditions, the second derivative at the beginning and the end of the spline
must be zero. From (2.1) and assuming that g{j (0) = 0, this condition transforms into,

2D0+D1_3<y1hy0>~ (2.5)
1

The expression for the right boundary can be obtained from g/ _;(1) = 0, that leads to the equation,

(2.6)

D1 42D, =3 (ym—yml) ,

hm
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Thus, we will obtain the system,

being §; = £

2
1
1

h
0

o

o

i —Yi—1
hi

1 0
1 1 1
2 (E + 1?) Az
1
3 2 (
0 0
0 0
5. _
J. 1)
e Ry
d: 5
=3. h; + 72
S Om—1
e b —
_6m J

The previous expression can be also written as,

0
0

-5,

1 1

<K+E

1 1

—3 <E+E

1

(hanl +

L Om

0 0 0

1 1

,73) e 0 0
0 2 +) &
0 2|
0 0 0

1 1

A 0 0

1 1 1
(mﬂfﬁm) B
1 2|

91

hy

1

}(;7?2)

h3

1

h3 5

TR

T

- Do
D,
Do

Dmfl

"Dy
Dy
D,

Dm—l

(2.8)

where the right hand side of the system AD = f can be interpreted as a vector of weighted means of divided
differences, except at the boundaries. Indeed, these weighted means can be expressed as,

where

ad; + B6;—1
a+p8
1
o — hi
= — T
hi—1 + hi
1
5 o hi_1
= — —
hi—1 + ki

(2.9)

(2.10)
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Now, we can try to replace the expression of the weighted mean in the right hand side of (2.8) by a nonlinear
weighted mean, in order to attain adaption to jump discontinuities. Notice that the chosen nonlinear weighted
means should penalize large values of §’s associated to the presence of discontinuities. We will tackle this task
in the next section.

The matrix A of the system AD = f in (2.8) satisfies the following result proved in [39] and that will be used
in the following sections,

Theorem 2.1. For 1 <p < oo,

-1
1 1

A7Y], < — .

A7 < | amax | (hi i h>

3. CONSTRUCTION OF CUBIC SPLINES ADAPTED TO DISCONTINUITIES: A NONLINEAR
WEIGHTED MEAN

Now we can design a new limiter that serves our purposes,

sign(z)+sign(y) az+Ly (1 N ‘ﬂ z—y

p
). ol = el lyl >0,

2 a+pi az+pBy
HW x, = sign(x)+sign ax r— p 3.1
p( Y) gn( )J2r gn(y) aigy (1_ ‘aam+%y’ )7 lz| > |yl (3.1)
0, r=y=0,
where
1, x>0,
sign(z) =< —1, <0,
0, xz=0.

The sign function is introduced with the aim of obtaining a bounded value in the case that zy < 0. As far as
we know, it is the first time that this new limiter appears in the literature. These means are a generalization of
the means introduced in [33] and reduce to them in the case of a uniform grid spacing.

The new limiter satisfies the properties presented in the following proposition. The proof is trivial and is not
included for brevity,

Proposition 3.1. For all (z,y) € R?, the HW,(z,y) mean satisfies
(1) HW,(z,y) = HW, (y, z).
(2) HW,(z,y) =0, if zy < 0.
(3) HW,(—z, —y) = —HW, (z,v).
Now we can state the following proposition,

Proposition 3.2. The new limiter HW,, verifies the following property. If xzy > 0, x = O(1), y = O(1),

|z —y[ = O(h),

ax + By
a+ 0

Proof. Let’s suppose without loss of generality that |y| > |z|. Then, using the definition of HW,(z,y) given
in (3.1), we have that

—HW, (z, y)‘ =0 (h?). (3.2)

S | = [ - S (-l )
_ax+PBy (. z—y |"\ _ az+pBy z—y [|?
T a4+ (1 1+Bax+5y >_ a+ (‘Bamﬂ-ﬁy )
p
_az+ By B z—y _
- wts <a+ﬁaZi§y >O(h”). (3.3)
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Since we have introduced the new limiter in the right hand side of (2.7), then = and y in (3.1) are neighboring
first order divided central differences. If they are computed in a smooth region, we have that = O(1

y = O(1) and that ‘OT-B‘ = 0(1) and OT-B‘ = O(1). Then, mm’ =0(1), azigy’ =
and |z — y| = O(h), being h = max (h;, hiy1).

@y‘ = ),

Proposition 3.3. The new mean verifies the property,
HW, (2, y)| < pmin(|z], |y]).

Proof. If zy < 0, HW,(z,y) = 0 < pmin(|z|,|y|) and the property is satisfied. If zy > 0, let’s suppose again

without loss of generality that |y| > |z|. If we denote by r = B72=7, we can express the absolute value of the

new mean as,

ox + By aw+ﬁy 1
HW, (2, y)| = = L+r4r+ 4P 1—r
W, (o0)] = |22 |2 | L-r
ax + By /8 2 -1
= — —x)| | 14+r+ri4-- 40P
a+p a—i—ﬁ(y ||
=lz[[1+r+r®+- "7 < plal, (3.4)
since |r| < 1. O

Proposition 3.4. If zy > 0, lim r? =0, and
p—o0

. ar + By
i Wy (1.9) = 5

Proof. Let us suppose that |y| > |x|. The proof for the other case is carried out in the same way. If p — oo,

asr = Oﬁ 5 o}i sty then 77 — 0 and, following the same procedure used in the previous proposition to express
+8

HW, in terms of r, we get the proof,

lim HW,(z,y) = lim

p—0oo p—0o0

(W/) (1-7rP) = ar+ Py (3.5)

a+ g a+ 3

O

With these properties in mind, we can modify the right hand side of the system of equations in (2.7) in order
to include the new limiter with the aim of attaining adaption close to discontinuities in the function. Following

Proposition 3.2 we choose, p = 3 in order to maintain O (h3) accuracy (maximum accuracy depending on the
boundary conditions) for the D; and O (h4) accuracy for the cubic spline at smooth zones. The resulting system
of equations is,

0 Do
1 1 1 1
mo2(mr) W 0 0 ">
1 EEE T U T D
0 Tia 2(h2 + h3> h3 0 0 ? (3.6)
1 1 1 Dy
o 0 0 o - Q(hmfl + h) Fom mot
lo o 0 0 1 2 | LDm
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-6 _
) HW3(d1,02)

1
t s
1
—3. (hz + ha) HW3 (92, d3) (3.7)

(s + ) HWs(m-1.6m)

Since we have introduced the new limiter in the right hand side of (2.7), then z and y in (3.1) are neighboring
first order divided central differences. If they are computed in a smooth region, we have that = O(1 )

y=0(1 )andthat‘aJrﬁ O (1) and a+5‘ O (1). Then, mx’: (1), my‘: ) ‘*ziéy!—

and |z — y| = O(h), being h = max (h;, h;y1). Therefore hypothesis of Proposition 3.2 are sat1sﬁed

It is easy to see that the point value discretization described only conserves local information at the sites x;.
Although it is possible to localize the position of corner discontinuities, there is no hope in localizing the exact
position of jumps, as they are lost in the discretization process. Although, the new method presented does not
depend on the position of the discontinuity.

Remark 3.5. In the following proofs concerning the accuracy of the proposed reconstruction we will be using
the term “full accuracy” meaning fourth order of accuracy for boundary conditions which correspond to true
values of the underlying function, and the corresponding lower order in other case. For example it is known
that, in general, natural splines provide only second order approximations in the infinity norm.

Theorem 3.6. Let y(x) be a strictly monotone function in C* ([a,b]). Then, the new cubic splines adapted to
discontinuities maintain full order of accuracy.

Proof. Let y(z) be a function in C* ([a,b]), and X = {x;}™,, ¥o = a, h; = x; — x;_1, a partition of [a,b] in
subintervals. Let us call
Sn(x) = gi(z) = a; (v — xi)3 + lN)i (x — xi)Q + ¢ (r—x)+ Ji, x € [xi,miv1],

the adapted cubic spline with the coefficients calculated from (2.3) after solving (3). And in the same way let
us consider the classical cubic spline

sn(x) = gi(z) = a; (x — xi)?’ +b; (x— xi)Q +ei(x—m)+d;y x € [T4,mi41],
with the coefficients given in (2.3), but after solving (2.8). Applying the triangular inequality we have
y(z) = Sn(2)] < [y(x) — sn(@)] + |sn(z) — Sn(2)]-

Since we know that classical cubic splines are full order accurate, in order to finish the proof it is sufficient
to prove that

|sn(2) = 3n(@)] = O (hY)

where h = max; h;.
From the systems of equations (2.8) and (3) we get that

1D = Dlloe < |47 |oo|IE = £]]oo- (3.8)
Then applying Theorem 2.1 and Proposition 3.2, we arrive to

1D = Dl < OM)O (1) = O (%). (3.9)



1

20

21

22

23

24

25

26

27

28

ON A CLASS OF SPLINES FREE OF GIBBS PHENOMENON 9

Now substracting term by term
|50 () = 30 (2)] < |G — ail|z — x> + |bs — bl |z — 2] + |& — cil|lz — ] + |d; — dy). (3.10)
Taking into account the expression of the coefficients of 5, (x) and s, (x) given by (2.3) and (3.9) we get
|d; — di| =0,
& — ¢i| = |D; — Di| = O (h?),
hit1|Dis1 — Dita| + |D; — Di|hisy

la; — ai| = 3 = O(h), (3.11)
i
- his1|Dit1 — D; 2|D; — D;lh;
by — bi| = +1]Dit1 +12\+ \ |his1 _om).
i
Plugging in (3.10) the expressions in (3.11), we finish the proof. O

Remark 3.7. In the previous proof we have not taken into account what happens when the function contains
critical points in its domain. We will analyze this case in Section 3.2.

3.1. Power means

If we use a uniform grid spacing, the nonlinear weighted means introduced in the previous section transform
into de p-power means introduced in [33]. The p-power mean has the general expression,

x‘;y‘ (1— p). (3.12)

The most important properties that make the power means appropriate are (see [10,33] for more details):

r-y
Tty

Hy (o, y) sign(x) —;— sign(y)

Proposition 3.8. For all (z,y) € R?, the H,(x,y) mean satisfies

2) Hy(z,y) =0 if zy <O0.

HP(_xa _y) = _Hp(xﬂy)'

|y (2, )| < ma (|2, y])-

|Hy(z,y)| < pmin (|z], |y|) (related to adaption to the singularities).
Ifx=0(1),y=0(Q), ly —z| = O(h) and zy > 0 then |“fL — H,(z,y)| = O(hP).

Assuring the adaption to jump discontinuities of the uniform cubic spline and, at the same time, guaranteeing
that the nonlinear modification introduced does not reduce the accuracy at smooth zones, can be done using
the p-power mean [10,33] with p = 3 in (3.12). For cubic splines, following property 6 of Proposition 3.8, we
have that if 5j . 6j+1 > 0,

0 + 0541

5 —Hs (6;,8;41)| = O (B?), (3.13)

since at smooth zones divided differences 6;11 = J; = O(1).
Using a uniform grid spacing and simplifying and manipulating the right hand side term, the expression of
the system of equations in (2.7) transforms into

2 1 0 0 071Dy 1 B3 T
4 1 0 0 | | D Lot
0 1 4 1 0 D, et
=6- . (3.14)
0 0 0 0 - 4 1 ||Dn, Sty
L0 0 2 | |Dn o |
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Replacing the arithmetic mean in (3.14) by the p-power mean in (3.12) with p = 3, we obtain the system of
equations for the adapted spline,

21 0 0 717Dy 1 E ]
4 0 D, H3(02,61)
0 4 0 D Hs (85,6
2 6. 3(03, d2) _ (3.15)
4 1 Dm—l H3(5m75m—1)
i 1 2 ] LlD, | o

Remark 3.9. The process followed in this subsection to adapt the splines in a uniform grid-spacing to the pres-
ence of jump discontinuities in the function can be perfectly used for parametrized splines. We can parametrize
the spline in (2.1) just expressing it in terms of another variable u that varies in the interval [0, 1] for every
polynomial segment of the spline, with
Tr —x;

U= —-:
Tit1 — &4
With this parametrization, the grid-spacing can be interpreted to be always h = 1 and the divided differences
transform into differences. This means that the new technique can be used even when the original data does
not come from the sampling of a function and, for example, we can construct closed curves very easily.

3.2. Assuring maximum accuracy for nonlinear means close to critical points

Property 2 of Propositions 3.1 and 3.8 imply that the use of the new mean (3.1) or the power mean (3.12)
produces order reduction when the arguments have different sign and property 6 of Propositions 3.2 and 3.8 do
not allow to maintain the approximation order when one of the arguments is O(h). Both conditions happen at
singular points or close to them. This problem can be solved translating both arguments, obtaining the mean
and then translating back the result by the same amount. The problem arises when deciding how many points
around those critical points must be translated in order to assure optimal accuracy. Mind that close to critical
points both arguments are O(h). Let us introduce the definition of the translation 7.

Definition 3.10. Given h > 0, a translation T is any function T : R? — R satisfying

(1) T(0,0) = 0.

(2) T(z,y) =T(y,x).

(3) Slgn(erT(ﬂU y))sign(y + T (z,y)) >0,V (z,y) # (0,0).

(4) If (x,y) # (0,0), with |z| < |y|, then SZgn(x + T (z, ))szgn( ) > 0.

(5) m1n{|x +T(z,y)l,ly+T(z,y)|} = OQ), ¥ (x,y) # (0,0), with min{|z|, |y|} = O(h®), for some a < 0.
Remark 3.11. Property 3 of Definition 3.10 ensures that it is going to be always possible to compute expres-
sion (3.1) without problems in the denominator. Property 4 assures a translation towards the largest of the
arguments in absolute value. And property 5 is essential to keep the reconstruction order (see Props. 3.2 and
3.13), and the adaption in case of discontinuities (see Props. 3.3 and 3.14).

The nonlinear weighted mean in (3.1) transforms into
HWT,(z,y) =HW,(x + T,y +T) — T, (3.16)

with the translation. It is easy to prove the same kind of results as in Propositions 3.1-3.3 with this new mean.
In particular,

Proposition 3.12. For all (z,y) € R?, the HWT,(z,y) mean satisfies
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(1) HWT,(z,y) = HWT,(y, ).
(2) HWT,(—z,—y) = —HWT,(x,y).
Proposition 3.13. The new limiter HW'T), verifies the following property,

ar+ By

g HWT ()| = 0 (). (3.17)

The previous three properties are trivial to prove and are not included for brevity.

Given |z| < |y|, the authors propose in [7] a translation that is T = 2|z| at the places where there is a change
of sign in the arguments of the mean. This translation does not satisfy property 5 in Definition 3.10, and in
fact it does not guarantee the reconstruction order close to the critical points. Instead, it seems more suitable
to use a proper translation in the sense of Definition 3.10 defined as,

_ Isign(y)(lz] +¢), if 2y <0,
= {sign(y)e, if zy > 0, (3.18)

with e > 0,e = O(1). € can be chosen much smaller e = O(h?),p > 1 and it is a better option when min{|z|, |y|} =
O(1). With this translation it is easy to prove the following proposition.

Proposition 3.14. With the translation defined in (3.18) and assuming, without loss of generality, that |z| <
lyl, the nonlinear weighted mean in (3.16) is bounded by

HWT,(z,y)| < pla| + (p+ 1)e. (3.19)

Proof. We will consider five different cases to get the proof:

- Ifz=0,y=0,then T =0 and HWT,(z,y) = 0 and the result is trivially true.
— If x <0 and y > 0, the translation has the expression T'= —z 4 ¢ > 0 and the weighted mean is bounded

by,
e <HW,(6,y —  +¢€) < pe,

due to Proposition 3.3 and the fact that HW, is a mean. Now the resultant value of the mean can be positive

or negative:
o f HWT, (2, y) =HW, (¢ +T,y+T) —T =HW,(c,y —x +¢€) + — € > 0, then

[HWT, (2, y)| < pe+ || — €= [z[+ (p - 1e.
o f HWT,(z,y) =HW, (¢ +T,y+T) —T =HW,(e,y —x +¢€) +x — € <0, then
[HWT,(2,y)| = —x + € = HW,(e,y —z +¢) < |2].
— If £ > 0 and y < 0, the translation takes the value T'= —z — € < 0 and the weighted mean is bounded by,
—pe <HW,(—¢,y —z —¢) < —¢,

due again to Proposition 3.3 and the fact that HW, is a mean. Now the resultant value of the mean can be

positive or negative:

o f HWT,(z,y) =HW,(z+T,y+T) —T =HW,(—¢,y —x —€) + z + ¢ > 0, then
HWT,(2,y)| < |z].
o f HWT,(z,y) =HW,(z + T,y +T) —T =HW,(—€e,y —x —€) + x + € < 0, then

[HWT, (2, y)| < [z] + (p+ e
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— If £ > 0 and y > 0, the translation takes the value T' =€ > 0. Then HWT,(z,y) = HW, (¢ +T,y+T)-T =
HW,(z + ¢,y + ¢) — e > 0 and the weighted mean is bounded by,

z+e<HWy(z + €y +¢€) <p(z+e).
In this case HW,(z + €,y + ¢) > 0 and
[HWT, (2, y)| < pla| + (p — 1)e.

— If x < 0 and y < 0, the translation takes the value T'= —e < 0. Then HWT,(z,y) = HW,(z+T,y+T)-T =
HW,(z — €,y — €) + € < 0 and the weighted mean is bounded by,

ple—e) <HW,(z—€ey—¢€) <z —e
In this case HW,(z — €,y — €) < 0 and
[HWT,(z,y)| = —HWp(z — €,y — €) — € < —px + pe — e = p|z| + (p — 1)e. (3.20)
(]

With the information provided by Proposition 3.14, it seems logical to suggest a nonlinear e that is adapted
to the presence of critical points in the sense that is O(1) at critical points (and around them) and that goes
to zero away from them. The objective is that the translation does not affect the adaption attained at jump
discontinuities (provided by Prop. 3.3 for the non-translated mean) unless a change of sign in the first derivative
is placed exactly at the discontinuity. Inspired by the smoothness indicators proposed in [35], we propose an e
with the following expression,

€5 1= TUE;, (3.21)

and

SR (3.22)

RS '
where IS; is a smoothness indicator. The idea is that these indicators are large when a jump discontinuity
affects the stencil used to obtain it, and small otherwise. We choose the parameter j = h* . This normalization
is performed to assure that the maximum ¢; takes an order given by the parameter 7 around critical points. In
the numerical experiments, a reasonable value for this parameter is 7 € (0, 1] with 7 = O(1). We have chosen
7 =1 in our experiments. The parameter £ = h? is included to avoid divisions by zero. The parameter ¢ modifies
the rate of convergence of the function in (3.22) towards zero. We have chosen t = 1 in our experiments.

As mentioned before, IS; is a smoothness indicator. In [35], Jiang and Shu propose to obtain smoothness
indicators using something similar to the total variation, but based in the L? norm, so that the result is smoother
than the total variation. The proposed formula is just a scaled sum of the L? norms of the derivatives of the
interpolation polynomials in the cell-averages p;(x) over the interval (x;_1/2,2;41/2). The expression proposed

for a uniform grid spacing is,
r—1 zj+% dl 2
IS; = ZfﬂH/ (dmlpj(:c)) dz, (3.23)

.37%

where r is the degree of the polynomial p;(x). The scaling factor h?~1 = Az*~! is introduced to assure that
the final formulae for the smoothness indicator do not depend on the mesh size h = Az. We have chosen the
smoothness indicators in the point values for r = 2 that result from (3.23). They have the following expression
for a uniform grid-spacing,

IS; = % (fi—1 = 2f5 + fir0)" + (1/14) (fi—1 = 4f; +3f541)%, (3.24)

ISj11 = — (fi — 2fj1 + fi2)® + (1/14) (fj42 — f;)°. (3.25)
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For these smoothness indicators, the polynomial p;(z) is a parabola. We could have chosen a smoothness
indicator with a wider stencil but the results are similar and more expensive computationally.
One important property of these smoothness indicators is the one presented in the following proposition.

Proposition 3.15. The smoothness indicators presented in (3.24) and (3.25) verify that

1S; = (hfl1)° (140 (), (3.26)
1S41 = (hfiy1)? (140 (h?)), (3.27)
at smooth zones.

The proof of this property is straightforward and it is not included for brevity. The interested reader can refer
to [3] for a detailed description of the process for different smoothness indicators. If we develop f; and f;_1
using Taylor expansion around x;41 and replace their expressions in (3.24) and (3.25) we get the proof. The
property is important, as it assures that €; is small away from critical points and large close to them. Moreover,
IS; is O(1) at a jump discontinuity following (3.24) and (3.25). Thus (3.21) assures that €; = O (k') at a jump
discontinuity, so the translation in (3.18) would be given by T = sign(y)(|z| + O (h*)). Following (3.19), if
|z] < |y, the mean would be bounded by,

[HWT,(z,y)| < plz|+ (p+ 1)O (h*), (3.28)

and it would not affect the adaption properties of the nonlinear weighted mean, conserving in practice the
property exposed in Proposition 3.3 for the non-translated mean. At smooth zones, the translation defined
using (3.21) ensures to attain full accuracy even around critical points, since €; = O(1) in this case, and allows
the application of Proposition 3.2. In order to measure the smoothness of our function, we only need one
smoothness indicator, so we choose for example (3.24).

Remark 3.16. For a non uniform grid spacing, it is still possible to obtain a smoothness indicator like the
ones in (3.24) and (3.25) using (3.23). In this case, it is not possible to get rid of the dependency of the grid
spacing and the closed expressions are not as simple as in the uniform case.

Remark 3.17. In the numerical experiments presented for the uniform grid spacing, the nonlinear translated
mean (3.16) with the translation defined in (3.18) and the € defined in (3.21) has been used.

With the introduction of the HWT, means we can give the following two theorems, which generalize the
result in Theorem 3.6.

Theorem 3.18. Let y(x) be a function in C*([a,b]). Then, the new cubic splines adapted to discontinuities
based on the nonlinear mean HWT,, defined in (3.16) through the translation T defined in (3.18) maintain full
order of accuracy.

Proof. The proof is basically the same as for Theorem 3.6. The only difference is the application of Proposi-
tion 3.13 instead of Proposition 3.2. O

Let A=! = (ay ;) be the inverse of the coefficient matrix of system (3.15). There is a clear dependence between
the grid spacing and the size of the matrix, and it is not so clear but also between the size of the matrix and
the entries of A~!. In fact, using basic algebra and numerical analysis next lemma can be proven,

Lemma 3.19. Let A~! = (v, ;) be the inverse of the coefficient matriz of system (5.15). Then,
ai,iis:O(h’ys)v SZOa 1€ {la"'vm}v iis:la"'7m7

with v = logy (2 4+ V/3).
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Proof. The first observation is that according to an adaption to our case of the general result for tridiagonal
matrices in [38], the entries of A~ can be computed as

(—1)Hy R D) <,
oy = | ST, i=Jj, (3.29)
(71)i+j ¢(2,jfl,é)ﬁ(é,)mf¢,2)’ P>,
where ¢y, := ¢(d1, k, dy), is the solution of the recurrence equation
¢o = 1,01 =du, (3.30)

¢i:4¢i—1_¢’i—27 i:2a"'7k_17
b = drdr—1 — P2

Using theory about linear finite difference equations one can give the general term of ¢, in terms of the roots
of the characteristic polynomial A2 — 4\ + 1 = 0. From Theorem 2.1 we deduce that limy,_g a;;=0,Vij=
1,...,m. Therefore we can assume that a;; = O(h?), for some value of 8 > 0. We are going to compute 3
for each 7,5 = 1,...,m. In order to do so we consider two grid spacings h and %, that is, sizes m x m and
(2m — 1) x (2m — 1) of the matrix A. Let us call «; ; the entries of the inverse of the matrix A of order m and
i,; the entries of the inverse of the matrix A of order 2m — 1. If we compute the limit lim,, o #;]71, and
is equal to a constant M, then 8 = log,(M).

Thus, we consider for s > 0,

&(2,i—s5—1,4)p(4,m—i,2)
_ % #(2,m,2)
| - ,,}Enoo $(2,2i—25—2,4)p(4,2m—2i+1,2) (3'31)
#(2,2m—1,2)

(2+\/§)i—‘s(2+\/§)7n7172

QG i—s

lim |——2—=%
M—00  [12j—1,24—2s—1

IRT (2+V/3)m—2 _ s
- %E)noo (2-4+/3)2i—25—2(24+/3)2m—2i—1 (2 + \/g) :
(2+\/§)2m—3

From (3.31) we can apply logarithms and symmetry to get the general result o; ;15 = O(R?®), s >0, i €
{1,...,m}, i+s=1,...,m, with v = log, (2 + V/3). ]

We can give now the following theorem about the approximation order of the presented nonlinear cubic
splines,

Theorem 3.20. Let y(x) be a function in C* ([a,b] \D), where D is a finite set of isolated jump discontinuities.
Let X = {z;}L be a grid in [a,b]. Then, the new cubic splines adapted to discontinuities based on the nonlinear
mean HWT), defined in (3.16) through the translation T defined in (3.18) maintain full order of accuracy at
smooth zones away from the isolated discontinuities.

Proof. We carry out the proof for the uniform case because of simplicity, although the same arguments are
valid for the nonuniform case. Let us suppose without loss of generality that the initial data come from a
C*([a,b] \{n}) function y(x) with an isolated jump discontinuity located at ju in the interval [z;,x;11] for some
i € {2,...,m—3}. We are going to prove that the nonlinear cubic splines attain full order accuracy in [a, z;—s] .
By symmetry the result will also hold for [x;13,b]. Let us call g, 5 the classical cubic spline with original data,
Jla,p) the corresponding nonlinear cubic spline in the hypothesis of the theorem, and g, 5 an auxiliary classical
cubic spline built with certain modified data. The proof is based on the following four points, which will be
proved in detail later on:
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(1) If we modified the entries fi, fi+1 of the vector f at the right hand side of system AD = f in (3.15) by a
quantity of order O(1), then we get another system AD = f, such that |D; ; — D;y;| = O(h"0=1) j>1

and |Di7j — Di*j‘ =

O(RY7), § >0, with vy =

reconstruction g, p which satisfies |gjq 5 () — Gpap)(x)] = O (h*) in [a, ;2] .
(2) We can find a modification of the type described in point 1 such that the right hand side of system (3.15)
plus this modification can be seen as the right hand side of the system (3.14) for linear cubic splines with
modified data §j; free of any discontinuity, i.e. coming from an underlying C* ([a, b]) function §(x).
(3) If a linear cubic spline g, j attains full order of approximation in [a, b], then also the function given by the
linear cubic spline g, 5, ,] attains full order of approximation in [a,z; o].

(4) The difference between the original data y;, j =0,...,
order. And therefore the difference between g, »,_,) and gja,0,_

If we assume the points 1-4 proved, then it is immediate that for any x € [a,z;_2],

And thus

[a,b](m) - ab]( )l -
fa,0) () — H(2)| =

|9(a,0) ()

(h4) due to point 1.

log, (2 + v/3). Therefore the modification gives an associated

i — 2 and the modified data g; of step 2 is fourth
,] is also fourth order accurate.

O(h?) where p < 4 is the full accuracy attained by the considered linear cubic spline
(depends on the initial boundary conditions) due to point 2.

+ |g[a,fri 2] ( )

T) = Gla,zi_ 2]( x)| = O(hP), due to point 3.

[a, i—Z](‘r) ~ Yla,z;— 2]( r)| =
la,2:_5] () — y(z)| = O(hP) due to point 3.

(h4) due to point 4.

—y(@)| < 1910.6) (%) = o) ()] + |F1a,p) () — G(2)]
+|g( ) g[a T z]( )‘+|g[a T z](x) g[a7$7‘,—2](x)|
y(z)| = O (k') + O(h?) + O(K?) + O (h*) + O(h?)

=O0(hP), Yz € [a,z—2],

what will finish the proof.
Therefore, we need to prove the points 1-4. Let us start with point 1.

(1) Let us consider the system,

Then the difference |ﬁiij —
and AD = f in (3.33) is given by D-D= A7L(f — f). Let us compute a concrete |ﬁij:j —

fixed value of j,

[2 1
1 4
0 1
0 1
0
0

0

|Dixj —

0 7 |Do _%1 1 [0 ]
Dl H3(61762)
0 D; ; Hj(6i,0i41) 0(1)
- - +
0 Dy H3(0i41,0i42) 0(1)
4 Doy -5H3(5m7175m) 0
1 2 | _Dm ] _Tm i _0 i

(3.32)

(3.33)

Diij\ i+j=0,...,m, between the solution of the system AD = f in (3.15)

Disj| = Zai:tj,s(fs — fs) = @i+;,i0(1) + s i410(1).

Diij | for a
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From Lemma 3.19 we get the estimation for the needed entries of the inverse A1, given by a;1;, = O(h"7)
and it i1 = O(h“"ljm), with v = log, (2 4+ v/3). Thus,

|bi:|:j — Di:l:j‘ = 0(h7)0(1) + o Fho(1),

and therefore |l§i+j - Di+j| =O(hU=1), j>1 and |1A)¢,j - ﬁi,j| = O(h"), j > 0.
Using now expressions (2.3) we get,

0] (h42 ifz € [$Z‘_j, xi—j—i—l] , >3,
O(hﬂf 2 ifx € [.1'1;2, aci,l] R
O(h) iftr €lri_1, 2],
|g[a,b] (x) - g[a,b] (1’)‘ = O(h) ifx € [xivxiJrl] )
O(h) ifx € [$i+1, xi_,_g] s
O(hﬂH‘Q) ifx € [$i+2, xi+3] y
0] (h4) ifz € [.Z'iJrj,.’EiJerrl] , 3> 3.

From the right hand sides of (3.14) and (3.15) we impose the following system of equations based on data
to the left of the interval affected by the discontinuity,

(51 (El _
2H3(51, d2) B R (3.34)
2H3(6i—27 di—1) Sio 4 0i 1

where §; = k —57_1 stands for the first order differences based on modified input data y;. Solving the
system (3. 34) we get 01 = 01, 5 = 2H3(0;-1,9;) —6;—1, j =2,...,i— 1. Let us now prove by induction
that 5 -6;=0 (hd) 7 =1,...,7i—1. It is trivially true for j = 1 since 0; = 8. Let us suppose then by

hypothesis of induction that Sj —6; =0 (h®). For j 4+ 1 we have,
0j41 — 0ju1 = 2H3(8;,8541) — 0; — 841 = 2H3(8;,0541) — 65 — 6,41 + O (h?) (3.35)

5+ 6
= 2(Hy(5;,6511) — ) +.0 () = 0 (1)

Now, from the values of 6} it is immediate to compute the corresponding values g; starting from %o = yo.
In the same way from the system,

2H3 (5i+2; 5i+3) §i+2 + §i+3

.2{1'3(5#3, dita) | _ 5z+3 +0ita | (3.36)

Om om
we obtain the values for Sj,j =i+ 2,...,m satisfying

0, =0, =0(h%), j=i+2,...,m. (3.37)

From these values Sj, Jj=1+2,...,m, it is easy again to obtain corresponding values for g;.
Now, we build a C* function in [a,b], just by using piecewise Hermite interpolation ¢;(z) of the required
degree at each interval [zj,xj41],5 = 1,...,1 — 2, [zi—1,Zi1], and [z, 2j41], j =i+1,. —1. At a

interval [z, z,41] we use {y;, y](»i), y]( ),yj(m ,ij)} and {y;+1, 313(217 y](i)l, yj(Tl), y]H} as 1n1t1a1 COIldlthIlb to

build the piecewise Hermite intepolation. We observe then, that due to the use of these conditions coming
from a smooth original function, we ensure that the derivative that appear in the error formula for cubic
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linear spline gjq 4, ,] is bounded independently of the grid size. We then consider §; = ¢;—1 (z;) . We notice
that H(;, 51-“)—% =0(1), H(di41, 5”2)—% = O(1), and therefore using also (3.35) and (3.37)

we have . _
-5, . b I
2 5146
H;(61,62) 2
H3(0,0i11) Sl ~10@) 3.38
H3(0i41,0ir2) | | Saddisa | 1 0(1) | 333
H3(6m71; 5m) Sm—140m
5m 2
_7 ] S"L _0 .
. 2 -

(3) If the hypothesis needed to guarantee full order of approximation are satisfied in the whole interval [a, ],
then these same hypothesis are also satisfied in the subinterval [a, 2;_s] . Therefore point 3 is proved.

(4) The first affirmation in point 4 was already proved in point 2 since §; —d; = O (h3) J=1,...,i—26 =&
directly implies y; — y; = O (h4) . Using now the expression of the system (3.14), Theorem 2.1, and the
expressions (2.3) we can easily finish the proof of this point.

Consequently as said before (3.32) finishes the proof. O

4. ANALYSIS OF THE GIBBS PHENOMENON FOR NONLINEAR CUBIC SPLINES

In this section we will study the Gibbs phenomenon of nonlinear cubic spline interpolation given by (3.15)
for the step function f(¢) in (4.1),
0, —-1<t<0,
)= { (a.1)

a, 0<t<1,

with a € R, when uniform grid-spacing is used. Let’s set m = 2n in (3.15), then h = 1/n if we consider that
to = —1,t, = 0 and t3, = 1. The values D are symmetric with respect to D,,, as the step function that we
are considering is symmetric. Thus, we only need to consider half of them. Then, using the natural boundary
conditions, the system for the Dy in (3) takes the form,

2Dy + Dy = 0,
Dj_1+4Dy + D1 =0, k=1,....,n—2
Dyp_o+4Dy_1 + D, = 0,

Dp-1+4D, +Dpi1 =0, (Dp_1 =Dy).

~ o~~~
il ol o
T W N
T — O —

Let’s consider the elimination of the Gibbs phenomenon for jump discontinuities. First of all let’s remember
the definition of the Gibbs phenomenon introduced by Gottlieb and Shu [25]. Given a punctually discontinuous
function f and its sampling f" defined by f* = f(nh), the Gibbs phenomenon deals with the convergence of
the function g based on f" towards f when h goes to 0. It can be characterized by two features [25]:

(1) Away from the discontinuity the convergence is rather slow and for any point z,
|f(z) = g(@)| = O(h).
(2) There is an overshoot, close to the discontinuity, that does not diminish with the reduction of h. Thus,

max | f(z) — g(x)| does not tend to zero with h.



4

8

18

S. AMAT ET AL.

Taking into account Theorem 2.1 and the definition of the Gibbs phenomenon it is easy to prove the following

theorem,

Theorem 4.1. The nonlinear spline obtained through (3.15) does not present Gibbs oscillations.

Proof. Let’s analyze the right hand side of the system in (3.15). If we remember now that ¢; and 6;_; are
divided differences, we know that they are O(1/h) in the presence of a jump discontinuity. Taking into account
property 5 of Proposition 3.8, we know that the right hand side of (3.15) will be,

Iflloc = O (1).

Then, the vector of derivatives D that results from solving (3.15) will be,

Dl = [|[A7 ]l = O(1).

Now, looking at the expressions in (2.3) we obtain that,

di = Yi,
C; = Dz = O(l),

_ hDiy1+ Dih +2y; — 2y, 41

O(h) + O(h) + 2y; — 2yi11

Q; hd

~ hDip1 +2Dih + 3y — 3yit1 _

hS

)

bi = =

At smooth zones y;11 — y; = O(h) so,

d;

(&)

b =

= Yi

~ hDig1 +2D;ih + 3y — 3yia

h2

O(h) +20(h) — 30(h

)

h2

o(3)

_ O(h) +O(h) —20(h) _ O(h)

h2

_ hDig1 + Dih + 2y; — 2yi4a

7

hS

h3

and if = € [x;, x;41], the equation of the spline (2.1) transforms into,

1

O(h) +20(h) + 3y; — 3yit1

gi(@)=a;(x— ) +b;(x—z) +c(x—x)+d; =0 () (0] (h?’)

+0 <fIL> O(h2) +O(h)+y; =y +O(h).

If there is a discontinuity at the interval [x;,z;41] then y;11 — y; = O(1) and,

d;

Ci

b =

%

=Y,
=D; =0(1),

_ hDig1 +2D;ih 4 3yi — 3yita

O(h) +20(h) - 30(1)

h2

h2

().

o hDrL'Jrl + Dlh + 2yz — 2yi+1 -

h3

(4.9)
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and if z € [x;, 2;41], the equation of the spline (2.1) transforms into,
gi(x) =a; (& — )’ +bi(x —x)* + ¢ (x —w3) +di = O () O (h?)
1
+0 <hz> O (h?) + 0 (h) +y; = yi + O(1). (4.10)

This means that the perturbation introduced by the nonlinear spline is O(h) except at the interval that contains
the discontinuity.

Now we can try to prove that the nonlinear spline provides a prediction that is in the interval [y;, y;4+1] when
h goes to zero. In order to do so, we express the equation of the spline (2.1) as

gi(z) = a; (z — xi)S +b; (z — xi)z +ei(x—x)+d;
. hDi+1 =+ Dlh + 2:[/Z — 2yi+1 3 hDiJrl + 2D1h =+ 3y1 — Syi+1
- 13 (z — )" = h2

(x — z;)° (4.11)
+ D; (l‘ — 1‘1) + Yi.

X—T;

Now we can do the change of variables used before, s = *5*, and we obtain

9i(z) = (hDiy1 + Dih + 2y; — 2yiy1) 8° — (hDiy1 + 2D;h + 3y; — 3yi1) s° + Dihs + yi,
= (1-5*(3—25)) yi + s*(3 — 28)yiy1 + (s° — 25° + s) hD; + (s° — s*) hD; 14 (4.12)
= b1(8)Yit+1 + b2(8)yi + b3(s)hD; + ba(s)hDit1,

for s € [0,1]. In this last expression it is easy to see that the first two terms can be interpreted as a weighted
mean of y; and y;41 (as the element by(s) = s?(3 — 2s) of the Hermite basis is always in the unit interval
b1(s) € [0,1] if s € [0,1], and ba(s) = 1 —b1(s)). Thus, the addition of the first two terms of the expression (2.4)
will take a value always in the interval [y;, y;+1]. The expression can also be reformulated as follows,

9i(z) =y + (s°(3 = 25)) (yiy1 — vi) + (s* — 28 + 8) hD; + (s> — s*) hDj41, (4.13)

where the first two terms of (4.13) amount to a dilation and a translation of the element b;(s) = s%(3 — 2s),
that has a minimum at s = 0 and a maximum at s = 1, so it can not introduce Gibbs phenomenon, nor by (s).
Let’s analyze the third and fourth terms of (4.13). We can see that bs(s) and b4(s) are oscillating functions so
the apparition of Gibbs phenomenon can be explained due to the presence of large coefficients accompanying
these two elements of the Hermite basis. In the case of the nonlinear spline in (3.15) we have already analyzed
that D; = O(1). If this is the case, the two last terms in (4.13) go to zero when h — 0. Thus, there can not be
Gibbs oscillation. O

Remark 4.2. The previous proof is perfectly valid for the translated mean in (3.18) if we take into account
Proposition 3.14 and the definition of the € given in (3.21). In the end, the proof presented is based on property
5 of Proposition 3.8 that, in practice, is equivalent to expression (3.19) for the translated mean.

The nonlinear spline does not present Gibbs oscillations for piecewise constant functions and the analysis of
this case is particularly simple and intuitive. The system in (4.2)—(4.5) is homogeneous, so D; = 0 Vi is the
trivial solution of the system. Thus, looking at the expressions in (2.3) we obtain that

di = Yi,
¢ =D; =0,
a4 = hiv1Dip1 + DihgiJrl +2y; — 2yi41 _ 2y; — 2y¢+17 (4.14)
h? h3
1+1 7+1
b — hiviDiy1 +2Dihiyr + 3y — 3yir1 3y — 3yiq1
T — h2 - = h2 )

i+1
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and the equation of the spline (2.1) transforms into,

2Yi — 2Yin1 (@ — 21)*

gi(@) =a; (x —2)° + b (x —2:)° + i (w— ) + dy = 3

it+1
3yi — 3yi+1 2
h72+1 (x 'rl) yl
The equation of the spline is
—2a (x—mi)g—f— 3a (ac—xi)Q—i—yi, i=n—1,
gi(z) = { Mn P (4.15)
Vi, other case.
If we parametrize this expression, using the change of variables s = z;f, we obtain,
2 .
oy Jas*(3-2s)+y;, di=n-—1,
9i(s) = {yi, other case, (4.16)

for s € [0,1]. It is clear that the polynomial that we obtain for ¢ = n — 1 is a dilation and translation of the
element b (s) = s2(3 — 2s) of the Hermite basis. Therefore, it presents a minimum for s = 0 and a maximum
for s = 1 in the interval [x,_1,2,], so it does not oscillate. Thus, the resultant spline does not present Gibbs
oscillations for piecewise continuous functions.

Remark 4.3. The previous proof is perfectly valid for the translated mean in (3.18). Taking again into account
Proposition 3.14 and the definition of the € given in (3.21), the only difference would be that ¢; = D; = O (h2)
but the result of the proof would be the same.

5. NUMERICAL EXPERIMENTS

In this section we will present some numerical results that allow to conclude the validity of the theoretical
results presented in the article. More specifically we will show that the nonlinear cubic splines eliminate the Gibbs
phenomenon that appears when using cubic splines and that they keep the order of accuracy of cubic splines at
smooth zones. As it has been shown in Section 4, the nonlinear spline does not present Gibbs oscillations. We
will also test the performance of the new algorithm in the presence of noise. The functions used in this section
have been plotted in Figure 1. At the boundaries we have chosen the natural boundary condition. Any other
condition could have been chosen, as we are only interested in what happens close to the discontinuity.

5.1. Uniform grid-spacing

In this subsection we have chosen a uniform grid-spacing. The original functions have been sampled with 2048
points in the interval [—1,1], thus the grid spacing is set to h = ﬁ for all the experiments. Then they have
been subsampled taking one of every 16 samples (here we can choose any number of samples, as we have the
expression of the spline and we can evaluate it at any point of the domain). This resolution has been used for
all the experiments in this section. Then we reconstruct using the information of the subsampled functions and
we compare with the data at the highest resolution. The original subsampled data has been represented with
red filled circles, the original high resolution data with blue crosses and the reconstruction with black points.
We are interested in determining if Gibbs phenomenon appears in the limit function obtained through linear
and nonlinear cubic splines. Moreover we will measure the size of the overshoot introduced by cubic splines
and compare it with the theoretical estimation obtained in Section B. As mentioned in Remark 3.17, all the
numerical experiments presented for the uniform grid spacing have been done using the nonlinear translated
mean (3.16) with the translation defined in (3.18) and the ¢ defined in (3.21).
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FIGURE 1. Functions in (5.1) and (5.2) used for the experiments presented in this section.

Example 5.1. Let’s start by the function,

o) = {sin (%wm) if z <0,

5.1
%sin (%7‘(1‘) +10 ifx >0, (5.1

presented in Figure 1, to the left. The results have been plotted in Figure 2, where at the top we can see the
results for the nonlinear spline and at the bottom the results for the classical cubic spline. We can see that the
oscillations that appear in the classical spline have been reduced in the results obtained by the nonlinear spline.
In fact, these oscillations go to zero as the grid is refined. Thus, they do not satisfy the conditions described in
[25] (and reproduced in Sect. 4) to be considered Gibbs phenomenon. For this example, the Gibbs oscillations
that appear in the results obtained by the cubic spline present a maximum overshoot that is 10.8% of the jump
in the function. This result agrees quite good with the bound given in (B.22). We observe that both methods
introduce diffusion close to jump discontinuities in the function. In the case that the discontinuity in the original
data is numerical, i.e. it is produced due to a not high enough sampling frequency close to high gradients in the
function, it is good that the method introduces diffusion, as the diffusion is also present in the function from
which the data was obtained.

Now we can check the performance of the linear and nonlinear cubic splines in the presence of noise. If we
add white gaussian noise of zero mean and amplitude 0.1 to the function in (5.1), we obtain the results shown
in Figure 3. We can appreciate that the Gibbs phenomenon is eliminated even in the presence of noise.

Example 5.2. Let’s finish this section with the function,

l(z) =

The results are presented in Figure 4. We can observe that the maximum overshoot obtained by the cubic spline
is the 10.78% of the jump, that again is inside the interval given in (B.22). In the results of both approaches we
can observe diffusion, as the proposed technique is not designed to avoid it. The comments that we did about
diffusion in the previous experiment can also be done here.

1,5 .2 .
{ T T if x <0, (5.2)

2
28—t 22 —2 if z > 0.

As before, we can check the performance of the cubic and nonlinear cubic splines in the presence of noise. If
we add white gaussian noise of zero mean and amplitude 0.1 to the function in (5.2) we obtain the results shown
in Figure 5. The results are similar as before and the Gibbs phenomenon is eliminated even in the presence of
noise.



22 S. AMAT ET AL.

HHHOHHH
10 ¥ -
10f w
8l 1 8 1
6f — 6 1
s B 4 B
2+ ) E 2l |
ok B L 4
.N OWWW
> . . . . . . . . . . . . . . . .
1 0.8 0.6 0.4 0.2 0 0.2 0.4 0.6 0.8 1 -0.06 0.04 0.02 0 0.02 0.04 0.06
12
]
1ol w 10+ WWW
8 : 4 8 4
6 - 61 -
4+ : Bl 4t 4
2+ . B ol |
ON ] 1
i
> . . . . . . . . . . . . . . . .

-1 -0.8 -0.6 -0.4 -0.2 0 0.2 0.4 0.6 0.8 1 -0.06 -0.04 -0.02 0 0.02 0.04 0.06

FIGURE 2. Top: function in (5.1) reconstructed with an adapted cubic spline. Bottom: same
function reconstructed with a non-adapted cubic spline. In both cases, we have presented to
the left the whole domain and to the right a zoom around the discontinuity. The low resolution
discretization (red filled circles) has 128 points and the reconstruction (black points) 2048
points. The original high resolution data has been represented with blue crosses. We can clearly
appreciate that Gibbs phenomenon appears in the result of the cubic spline. We also observe a
very small oscillation in the reconstruction obtained through the nonlinear spline. It turns out
that the oscillation is O (h4) and that goes to zero when h goes to zero.

1 5.2. Grid refinement analysis

In this subsection we present an experiment oriented to check the order of accuracy of the nonlinear cubic
splines close to critical points at smooth zones of the function. In order to do this, we check the error of
interpolation obtained at every grid point inside an interval around the discontinuity and then perform a grid
refinement analysis. We define the order of accuracy of the reconstruction as,

E
order,, = log, (Em) ,
m+1

> being FE,, the error obtained with a grid spacing h,, and E,, 11 the error obtained with a grid spacing h,, /2.
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Top: function in (5.1) plus additive white gaussian noise of amplitude 0.1 recon-

structed with an adapted cubic spline. Bottom: same function reconstructed with a non-adapted
cubic spline. In both cases, we have presented to the left the whole domain and to the right
a zoom around the discontinuity. The low resolution discretization (red filled circles) has 128
points and the reconstruction (black points) 2048 points. The original high resolution data has

been represented with blue crosses.

We will use the discrete [, norm,

1 £1loo :r?g%ﬂfﬂ}.

23

Taking a fine mesh {z;};cm of a small interval around the critical point not crossing any discontinuity, we

compute

where f; = f(z;) and s; = s;(z5).

Example 5.3. Let’s consider the function

En = Ijneaéiﬂfj = 84|00

o) = cos (5},
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that has been plotted in Figure 6. We will check the accuracy of the nonlinear spline in the [*° norm close to
the critical point at x = 0. The result is presented in Table 1. We can see that the accuracy is order four, just
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FIGURE 4. Top: function in (5.2) reconstructed with an adapted cubic spline. Bottom: same
function reconstructed with a non-adapted cubic spline. In both cases, we have presented to
the left the whole domain and to the right a zoom around the discontinuity. The low resolution
discretization (red filled circles) has 128 points and the reconstruction (black points) 2048
points.The original high resolution data has been represented with blue crosses.

as the theoretical order attained by the cubic splines at smooth zones.

Example 5.4. Let’s consider again the function in (5.1). In this experiment we want to check if the order
of accuracy at critical points placed at smooth zones are affected by the presence of discontinuities. A grid
refinement analysis for the critical point placed at x = —12/17 &~ —0.7 is presented in Table 2. We can see how
the accuracy of the spline at smooth zones close to critical points is not affected by the discontinuity thanks to

the translation proposed in Section 3.2.

5.3. Non uniform grid-spacing

In this subsection we have chosen a non-uniform grid-spacing. The original functions have been sampled with
2048 points in the interval [—1,1] at random positions determined by a uniform distribution in that interval.
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FIGURE 5. Top: function in (5.2) plus additive white gaussian noise of amplitude 0.1 recon-
structed with an adapted cubic spline. Bottom: same function reconstructed with a non-adapted
cubic spline. In both cases, we have presented to the left the whole domain and to the right
a zoom around the discontinuity. The low resolution discretization (blue red circles) has 128
points and the reconstruction (black points) 2048 points. The original high resolution data has
been represented with blue crosses.

Then they have been subsampled to 128 points taking one of every 16 samples of the original discretization. The
reconstruction is obtained keeping the sampling positions of the original discretization. The original subsampled
data has been represented with red filled circles, the original high resolution data with blue crosses, and the
reconstruction with black points. Now, we are only interested in the apparition of Gibbs phenomenon in the
limit function. Thus, no translation have been used in the nonlinear mean.

Example 5.5. Let’s consider again the function in (5.1). The results have been plotted in Figure 7, where at
the top we can see the results for the nonlinear spline and at the bottom the results for the classical cubic spline.
The conclusions that can be obtained from this experiment are the same that we obtained for the uniform grid
spacing: the Gibbs phenomenon disappears from the result of the nonlinear spline. We can observe a very small
oscillation that goes to zero when the mesh is refined. The overshoot obtained for the cubic spline is about
10.84% of the jump, that agrees with the bound obtained for the uniform case in (B.22), although that formula
is only valid for the uniform case.
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FIGURE 6. Function in (5.3), used for the grid refinement analysis presented in Table 1.

TABLE 1. Grid refinement analysis in the [*® norm for the new nonlinear spline close to the
critical point at 2 = 0 of the function in (5.3).

m E. Order,,

8 1.8025e-1 —

16 4.8849e-2  1.8836
32 5.1682e-3  3.2406
64 3.8821e-4  3.7348
128 2.9223e-5 3.7317
256 2.0865e-6  3.8080
512 1.7392e-7  3.5845
1024  1.0382e-8  4.0664

TABLE 2. Grid refinement analysis in the [°° norm for the new nonlinear spline close to the
critical point at x = —12/17 &= —0.7 of the function in (5.1).

m En Order,,

8 3.6224e-1 -

16 2.4647e-1 0.55551
32 7.3385e-2 1.7479
64 1.5542e-2 2.2393
128 1.0265e-3 3.9203
256 4.114e-05 4.6411
512 4.8575e-06  3.0823
1024  2.4875e-07 4.2874
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FIGURE 7. Top: function in (5.1) reconstructed with an adapted cubic spline in a non-uniform
grid. The discretization has been done using random positions determined by a uniform distri-
bution in the interval [—1,1]. Bottom: same function reconstructed with a non-adapted cubic
spline. In both cases, we have presented to the left the whole domain and to the right a zoom
around the discontinuity. The low resolution discretization (red filled circles) has 128 points
and the reconstruction (black points) 2048 points. The original high resolution data has been
represented with blue crosses.

Example 5.6. Let’s finish this subsection considering again the function in (5.2). The results have been plotted
in Figure 8, where at the top we can see the results for the nonlinear spline and at the bottom the results for
the classical cubic spline. These results are qualitatively the same as those obtained in previous subsection.
Gibbs phenomenon does not appear in the reconstruction obtained using the nonlinear spline. The overshoot
obtained for the cubic spline is around the 8.92% of the jump. In this case, the percentage is also inside the
limits provided for the uniform grid-spacing.

6. CONCLUSIONS

We have presented a new class of nonlinear cubic splines that are automatically adapted to the presence of
jump discontinuities in the function. The adaption is attained through the introduction of a limiter in the right
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FIGURE 8. Top: function in (5.1) reconstructed with an adapted cubic spline in a non-uniform
grid. The discretization has been done using random positions determined by a uniform distri-
bution in the interval [—1,1]. Bottom: same function reconstructed with a non-adapted cubic
spline. In both cases, we have presented to the left the whole domain and to the right a zoom
around the discontinuity. The low resolution discretization (red filled circles) has 128 points
and the reconstruction (black points) 2048 points. The original high resolution data has been
represented with blue crosses.

hand side of the system of equations of the spline. As far as we know, it is the first time that this limiter appears
in the literature and that this technique is used to adapt splines to the presence of discontinuities. We have
analyzed theoretically the properties of the limiter concluding that it can be used to attain adaption close to
discontinuities. We have proved theoretically that the new class of splines presented is free of Gibbs oscillations
and that it maintains the diffusion in the interval that contains the discontinuity. The diffusion introduced is an
advantage when the discontinuity is numerical, that means that it is produced in the discretization process, due
to a not high enough sampling frequency close to high gradients in the function. In the computer aided design
(CAD) field, this kind of discontinuities are usually solved through a post-processing using a local refinement
of the grid once the result is obtained and the numerical artifacts are observed. The new technique allows to
solve these problems automatically.

We have also proved that cubic splines loss their accuracy close to discontinuities and we have given an
explanation of why this phenomenon occurs. We have given a bound for the oscillations of the cubic splines
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1 close to the jump discontinuity of a step function in the uniform case. The given bound agrees very well with
> the performed numerical tests. In fact all the numerical experiments presented for the uniform case agree very
s well with the theoretical results analyzed. In the non-uniform case, the numerical experiments seem to satisfy
+ bounds for the Gibbs oscillations that are similar to those obtained for the uniform case.

5 APPENDIX A. ANALYSIS OF THE (GIBBS PHENOMENON FOR CUBIC SPLINES

6 In this section we follow the proof in [39] where the authors prove that cubic splines do not present Gibbs
7 oscillations when interpolating a step function with a value in the middle of the jump. Our case is different, as
s we are interested in analyzing piecewise smooth functions.

o Theorem A.1. The cubic spline presents Gibbs oscillations for piecewise smooth functions with jump
w  discontinuities.

Proof. We can follow the proof presented before for nonlinear cubic splines. Let’s analyze the right hand side
of the system in (3.14). If we remember now that §; and §;_; are divided differences, we know that they are
O(1/h) in the presence of a jump discontinuity. The right hand side of (3.14) will be,

fle=0(3)-

u  Then, the vector of derivatives D that results from solving (3.14) will be,

_ _ 1 1
. 1Dl = 14l < 14~ il < 00 (1) =0 (7). (A1)

13 since A is a symmetric strictly diagonal dominant matrix. Now, looking at the expressions of the coefficients of
1 the spline in (2.3) we obtain that,

di = Yi,
1
=D =0+,
w=i=o(;)
® hDiy1 4+ Dih+2y; — 2y O (1) + O (1) +2y; — 2yia (A2)
ai = = - 5
h3 h3
hD;y1 4+ 2D;h + 3y; — 3yi4+1 0] (1) + 20 (1) + 3y — 3yit1
b’i = — = — .
h? h?
16 At smooth zones y;11 — y; = O(h) so,
di = Yi,
1
i = DZ =0\ - )
«=pi=0(;)
w7 ~ hDip1 +2Dih+3y; —3yiqr . O(1) +20(1) —30(h) 1 (A.3)
b= h? - h? =9\ )
4= h3 - h3 — o \m3)
8 and if x € [z;,2,41], the equation of the spline (2.1) transforms into,
19 gi(x) = a; (& — 2:)® + b (x — 23)* + ¢ (¢ — 1) + ds = y; + O(1), (A.4)

w0 since (x —x;) = O(h) if © € [, 241].
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If there is a discontinuity in the interval [z;, ;1] then y; 11 — y; = O(1) so,

di = Yi,
1

C; = DZ =0 (h) s

_ hDit1+2Dih+3y; — 3y O(1)+20(1) —30(1) 1 (A.5)
= h2 - h? =90)
G = 13 - 13 - B3 )

and if € [x;, z;41], the equation of the spline (2.1) transforms into,
9i(@) = a; (z — 2;)° + b (x — 23)° + ¢ (& — x5) + dy = y; + O(D). (A.6)

It is easy to make an interpretation of this result: equation (2.4) is valid for the cubic spline and, after (A.1),
we can see that in this case D; = D;y1 = O (%) in the [, norm, so the oscillations introduced by the two
Hermite base functions b3(s) = s® — 2s? + s and by(s) = s® — s do not go away when h goes to zero. Using the
definition introduced by Gottlieb and Shu in [25], we can conclude that the precision of the spline is lost due to
the apparition of Gibbs oscillations. ]

APPENDIX B. ESTIMATION OF THE OVERSHOOT OF THE (GIBBS PHENOMENON FOR CUBIC
SPLINES

In this section we will try to estimate the overshoot that cubic splines introduce close to jump discontinuities
in the function. In order to do so, we follow the proof introduced in [39]. It is important to remark that the
bounds given for the oscillations in [39] are not valid in our case since the authors use for the proofs a step
function that has a value in the middle of the jump discontinuity.

B.1. LP convergence

We want to interpolate the step function,

with a > 0 without loss of generality.
In [39], the authors prove Theorem 2.1 and the following theorem,

Theorem B.1. If we denote by h = max hi, then ||s, — fl|, — O with rate h'/P if

n 1/p
(Z |heDg—1|P + |thkp>

k=1
is bounded uniformly with respect to n, 1 < p < 0o, where s,(x) = g;(x) in (2.1) when x € [x;, xiy1].

max; hl

A sequence of meshes is called quasi-uniform if there exist ¢ > 0 independent of n, such that <o

min; h;

Theorem B.2. If we assume that the mesh is quasi-uniform, then ||s, — f||, — 0 with rate h*/? for 1 < p < cc.
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Proof. A sufficient condition for Theorem B.1 to hold is that h||D||, < C, where C' is a constant independent
of h. Then, we need to estimate
DIl < AT, ]I€1-

We already have an upper bound for ||A7!||, using Theorem 2.1. From (2.7) and using the step function shown
in (4.1), it is straightforward to verify that the right hand side for this particular case is,

T
3a 3a
f:(o,...,o,,,o,...,o) . (B.2)
hi" b3,
Then, we can obtain the expression for ||f||,,
3a 1
Il = 292+ .3)
Then, using Theorem 2.1, we obtain that,
11\t
1Dl < (4 ) il (B.4)
g hz hz—i—l
and we finish the proof. O

B.2. A bound for the overshoot of cubic splines close to a jump discontinuity

In this section we will study the Gibbs phenomenon of cubic spline interpolation for the step function f
in (4.1) when a uniform grid-spacing is used. Let’s set m = 2n in (2.7), then h = 1/n if we consider that
to = —1,t, = 0 and t9, = 1, having in mind that we are going to interpolate the function in (4.1). The values
Dy, are symmetric with respect to D,,, as the step function that we are considering is symmetric. Thus, we only
need to consider half of them. Then, the system for the Dy in (3) takes the form,

2Dy + D; = 0, (B.5)
Dy_1+4Dy + Dy =0, k=1,....n—2
3
Doy +4Dn1 + Dy = 7,
3a
Dyt + 4D + Doir = 5, (Dyp_y =Dy,). (B.8)

Before proving the main theorems of this section we need the following technical lemma.
Lemma B.3. Let us consider the sequence {c}ren generated by

c1 € R given,
_ 1
Ck+1 - b—ck ?

where b is any positive real number. The following statements are true,

btvb2—4

(1) The iteration function g(c) = s~ has two fized points given by ¢} = bovbi—4 V2b2_4 and c5 = F5

(2) If i < ¢ < cb then the sequence is monotonically decreasing and converges to ci.
(3) If c1 < ¢ then the sequence is monotonically increasing and converges to c.

Proof. Solving the equation ¢ = g(c¢) directly gives the two fixed points ¢ and c¢3, and this proves the first
statement.
We observe that c; — beg + 1 = (¢ — ¢)(ck — ¢3). Then if ¢ < ¢1 < ¢b, we have that b_l% < ¢ and

ﬁ > ¢j for all £ € N. Therefore the sequence is monotonically decreasing and has a lower bound, which

implies using (B.9) that it converges to ¢, and we have proven the second statement.
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1

The proof for the third statement is similar. Since we start this time with ¢; < ¢}, we have that o > Ck
and ﬁ < ¢f for all k € N. Thus the sequence is monotonically increasing and has an upper bound, which
implies using (B.9) that it converges to cj. O
Theorem B.4. The Dy ’s present the following properties,

(1) They have alternating sign:
D, p(-D)* <0, k=1,....,n—1. (B.10)
(2) Ezponential decay:
1 2
1|Dk+1|<|Dk‘<?|Dk+1|, k=1,...,n—2. (B.ll)
(3) Upper and lower bounds:
45 26a
ﬁa < anlh, < H, (B12)
7a 12a
—— <Dy osh<——r-- B.1
SRt T (B.13)
(4) Asymptotical behavior:
3a
lim hD,_o=—— B.14
i, =2 19° (B.14)
12a
lim hD,_1 = —, B.15
i T (B.15)
lim hD,_3 = 0. (B.16)
n—oo

Proof. Let’s first show that Dy # 0. If we suppose that Dy = 0, then Dy = 0 from (B.5), and D =0,...,D,_1 =
0 from (B.6). Then, using (B.7) D,,_1 = 2% This a contradiction and Dy # 0.

If Dy # 0, then Do Dy < 0 and |D;| = 2| Dy using (B.5). Then, from (B.6) it is easy to see that Dy+4D1+Dy =
0 and then D{D> < 0 and,

1
|4D1\:\—D2—D0\:|D2|+|D0|:\D2|+§|D1\. (B.17)
Thus (4 — 3)|D1| = |Dsl, and therefore |Dy| = 2|D,|. Following the same argument we obtain recursively
|Di| = ckt1|Dr+1|, with ¢ satisfying,
-1
o 2n (B.15)
Ck+1 = 1—cy, :

Using Lemma B.3, since 2 — /3 < % < 244/3, the sequence {cg }ren is, monotonically decreasing and converges
to 2 — v/3. Now, we get that,

1 1 2
~|Dysa] < Di1| = |Di| < Z|Djial.
4‘ k+1| = Ck:‘ k+1| | k| = 7| k+1|

4 _
We have seen that D; has different sign than Ds. By induction we suppose that D; has different sign that D;_;
for any I = 3,4,...,n—2. Since [4D;| = ﬁ|Dl_1| > |D;_1|, we get from the equation D;_1 +4D;+ D;41 =0
that D; has also different sign than D;;1, and we have proved properties 1 and 2 of the theorem.
Now we can obtain D,,_5 and D,_; solving (B.6) and (B.7),

hD,,_
Dy_ph = —2Pns 30 - *3a (B.19)
hD,_3+ 12
D, _h = En=st 120 (B.20)

19
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Remind now that D,,_3D,_> < 0 and |Dy,_2|/4 < |Dy_3| < 2|D,,_5|. From (B.19) we can see that there is
no other option than D,,_3 > 0 to satisfy the condition D, _3D,_s < 0. Then D,_> < 0. We also have that
from (B.19),

3a 5
——— =D, 9o+ —D,_
19h 2F g
-D X 5 |D | <Dn72+1%%‘Dn 2‘ i§§|Dn72|7
— Un-2 TalHn=3
19 > Dyp_o+ 19 |Dn 2| _ %\anz\-
Operating from the first inequality we easily obtain that,
7a
h an T
D2l < 5
and manipulating the second inequality we arrive to,
12a
h|D,,
Dn—z2l > =7
Consequently we obtain that,
Ta 12a
— < hD,_ _ ==
T 25T
Now, using the previous relation and (B.7) we obtain that,
3 Ta _ 26
lh 3701_ n—2h_{ 7a+%_471a’ (B21)
Dy—1h = - da 112a __ 45 :
5 5 >FT57 =%

SO 71a < Dp_1h < 26“ Thus, we have proved property 3.
Again from Lemma B.3 and having into account that h = % it follows that D};_5 = hD,,_3 is a monotonically
decreasing sequence with
lim D;_4 = nlinéo hD,_3=0.

n—oo

Then from (B.19) D} _, = hD,,_» is a monotonically increasing sequence and

lim D;_, = hm hD,,_ 2——3—a

n—oo 19
And from (B.20) D} _; = hD,,_1 is a monotonically decreasing sequence and

12a
lim D = lim hD, 1 = —,
e e LTS
and we have proved property 4. |

Theorem B.5. The overshoot for the cubic spline g;(t) close to the jump discontinuity of a step function f is
bounded by,
0.1068a < 8K lgr—1(t) — f(t)] < 0.1089a. (B.22)

Proof. From the properties obtained for the D; we can try to compute the size of the overshoot. We have already
seen that we can express the spline in terms of the Hermite basis. Let’s consider the expression of the [, norm
of the error at the region where f(t) = 0 in (4.1). Using (4.13), the expression of the error is,

t—t t—t
Dk1b3( W k>h+Dkb4( 5 k)h‘

Di_
Daln ga (=550 6) 04 9)) (B.23)

t)— f(t
tkfrfléagiftk |Sn( ) f( )l tkinﬁatxﬁtk
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where we have made use of the fact that Dy D1 < 0 and by(s) < 0 Vs € [0,1].
Now we can make use of the exponential decay property (B.11) in order to see that,

)
1 Dy, 2
< — < —
17 Dy 7

2 n—1—k
|Dk‘ S <7) Dn71~

4—(n—1—l~c) D,

IA

Now let’s use the bound in (B.24) in (B.23). Then we can write the error functions,

e(s) = ibg(s) — by(s),
E(s) = %bg(S) — by(s).

Then it is easy to see that

VI3 +2 35 13
e _— e - 1
Jmax e(s) = e ( 9 136 T ase vV
v 12 26y
max E(s)=F VSO _ 12 0v39,
] 15 175~ 1575

Then, for k=1,...,n—1,

35 13 Di_1 12 26v/39
D90 8 A3 _PEy ey = :
186 Tage V1B < T, s (8) —bals) < gt T

Now, we have an estimate of Dyh from (B.25) and (B.12),
45 2\" 7% 264
gtk = Dyh = —.
2 < I1Dehl < (7 a1
Replacing (B.26) and (B.27) in (B.23), we have that for k =1,...,n —1,

N1 26 (12 261/39
o 2, 13n(8) = (] < (7) a1 \ 175 T 187

2 n—1—k
< <7> 0.1089a

5 /35 13
() — f()] > 41w 22 (90 19 g
p e lsa(t) = £ > 71%\ 186 156V

> 4~ ("=1-k)( 1068a.

(B.24)

(B.25)

(B.26)

(B.27)

(B.28)

(B.29)

Now setting k =n — 1 in (B.28) and (B.29), we have that the overshoot for the cubic spline is bounded by,

1 — 1 .
0.1068a < , max [sn(t) — f(t)| < 0.1089a

(B.30)

O
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