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Abstract—This paper describes a new contribution
to the analysis of arbitrary shielded circuits and an-
tennas of complex shapes, in the frame of the integral
equation (IE) and Method of Moments formulation
{MoM). The technique is based on the spatial image
approach and a new specially truncated set of images
is developed to enhance the convergence behavior of
the series involved. Results show that, with the new
specially truncated series of images, convergence is
achieved very fast. In this paper simulated results
obtained with the new approach are compared with
measurements.

Index terms—Microwave circuits and antennas,
shielding, Green function, spatial images, integral
equation, method of moments.

I. INTRODUCTION

The analysis of shielded microwave circuits and anten-
nas is a subject that has always attracted much attention
and several numerical models have been developed in the
past. Among them, finite element techniques have been
successfully used [1] but they usually lead to computer
codes which are computationally heavy. Perhaps the most
popular and efficient technique is the integral equation
(IE) formulation combined with the Method of Moments
(MoM) algorithm [2]. The main practical difficulty in this
approach, however, is in the numerical evaluation of the
associated Green’s functions usually formulated as very
slowly convergent modal series. For the efficient summa-
tion of these series the Fast Fourier Transform (FFT) has
been successfully used in the past [2],[3], but it restricts
the subsequent discretization of the circuits to uniform
meshes. Other acceleration techniques, without the use
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of the FF'T, have been recently reported, namely the use
of the residue theorem [4] and the use of the Sommerfeld
identity [5]. An alternative technique to the modal series
approach is to formulate the Green’s functions in the spa-
tial domain using the image theory. In this context we
can mention the work in [6] who used the Ewalt transfor-
mation to sum the spatial images series, but no dielectric
layers are considered, and the work in [7] who formulated
the spatial images series only to the quasi-static part of
the kernel. '

In the frame of IE-MoM, we provide in this paper a
new contribution to the analysis of arbitrary shielded cir-
cuits and antennas of complex shapes. The technique is
based on the spatial images approach and it formulates
the complete Green’s functions associated to a general
multilayered medium as standard Sommerfeld integrals.
Once Sommerfeld type Green’s functions are computed,
the effect of lateral walls is locally/included by adding
spatial images. Care is exercised to ascertain the conver-
gence behavior of the resulting spatial images series. For
those cases exhibiting slow convergence behavior, a spe-
cially truncated series of images is developed based.on the
imposition of the boundary conditions for the fields and
potentials at specific points on the metallic walls. Results
reveal that convergence with the specially truncated set
of images is very fast and accurate results are obtained
with only 10 spatial images. An interesting feature of
the technique developed is that triangular-cell based MoM
formulations can be easily used, thus allowing the analy-
sis of arbitrary complex structures. In addition, with the
proposed approach all the know-how in the field of Som-
merfeld integrals evaluation can be directly put to work
for the analysis of shielded structures.

II. IMAGE THEORY

The key step in the analysis of planar multilayered
printed circuits following the space IE approach, is the
derivation of the spatial domain Green’s functions formu-
lated, in the case of a medium of infinite lateral trans-
verse dimensions, as Sommerfeld integrals [8]. With ref-
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erence to the shielded structure in Fig. 1, the correspond-
ing Green’s functions accounting for the presence of the
lateral walls can be written using standard spatial image
theory. The Green’s functions are therefore again formu-
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Fig. 1. Basic shielded multilayered structure analyzed in this paper
and the associated spatial images for a unit point charge.

lated as Sommerfeld integrals, but they are computed for
an extended range of source-observer distances to account
for the interaction of all required spatial images. For this
purpose asymptotic techniques specially efficient for large
source-observer distances are best utilized as described in
[9]. The boxed mixed potential Green’s functions Ggox
are then written as [8]

Geox(z, ¥l ) =

i 50: [G(z,y[ +z' + 2ma, +y’ + 2nb)

m=—00Nn=—00
+s; G(z,y] -z’ + 2ma, +y’ + 2nb)
+sy G(z,y| +2’ + 2ma, -y’ + 2nb)

(1)

+85 8y G(z,y| —2' + 2ma, —y' + 2nb)] ,

where G is the corresponding Sommerfeld type Green's
function and s, s, are sign functions taking the values
shown in Table I for the different types of mixed poten-
tial Green’s functions components. As shown in (1) the
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total Green’s functions are now expressed in terms of in-
finite series and the convergence behavior becomes there-
fore an issue. For instance, we have found convergence
problems in the analysis of the microstrip line shown in
Fig. 2, printed on a thick dielectric substrate (e, = 3.0,
h/A =0.2).

To illustrate this point, we present in Fig. 3(a) and
3(b) the computed S-parameters when, respectively, 22
and 102 spatial images are included in the analysis. As
it can be observed, the ripple in the computed response
indicates that convergence rapidly deteriorates with fre-
quency. Moreover, the use of more images does not solve
the problem and, as shown in Fig. 3(b), only the ripple

. is more compressed. This slowly convergence behavior
i can be explained as being due to the excitation of surface
waves in the structure. To easily understand this fact we
i have computed the associated Green’s functions using the
. imaginary axis decomposition reported in [9]. Following

: this technique, the total Green’s functions are expressed

: as the sum of three main contributions, namely the quasi-
.. static part, the spatial wave part and the contribution due

i to the surface waves excitation. Fig. 4 shows the com-
puted electric scalar potential Green’s function for two
i different frequencies. The first one (2 GHz) corresponds
! to a frequency where convergence is still good while the

second one (10 GHz) corresponds to a frequency well in-
side the ripple region. We can clearly observe that at 2
GHz the surface wave is very weakly excited and it starts
to dominate the global Green’s function behavior for spa-
tial distances (p) of order of (kop = 100). Moreover,
for small source-observer distances the Green’s function
exhibit a strong decaying behavior of (1/p?) type. On
the contrary, at 10 GHz the surface wave is very strongly
excited since it dominates the global Green’s function be-
havior for spatial distances of about only (ko p = 1). In
addition, for small source-observer distances the decaying
behavior is now inverse of the distance (1/p), instead of
(1/p?) as before. Consequently, we can conclude that the
convergence properties of the spatial images series are re-
lated to the amount of electromagnetic energy coupled to
the surface wave modes. To try to overcome this problem,
a specially truncated set of images has been developed and
it is described in the next section.

TABLE I
Value of the sign functions for all different mixed potential Green’s functions
components. Gp 4 denotes boxed magnetic vector potential Green’s function
while Ggy is the boxed electric scalar potential.

— Sz Sy
GE, +1 -1
Gy -1 41
Gy -1 -1
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I1I. SPECIALLY TRUNCATED SET OF IMAGES

The problem of the slow convergence behavior of the
series developed in the previous section can be overcome
by noticing that there are two main features in any boxed

Green'’s function that must be preserved in order to obtain
accurate results, namely: :

1. The singular behavior when p — 0.

2. The boundary conditions at all lateral cavity walls.

The singular behavior is naturally preserved in the devel-
oped series of images, because they have been constructed
using standard Green’s functions. What remains then,
is the accurate imposition of the boundary conditions at
the metallic walls. This can be done by simply adding
the first few images of the series as before, and then com-
puting the needed strength of the last remaining images
so that the boundary conditions for the fields are strictly
satisfied at the projections of the observer points at the
metallic walls. To simplify the analytical exposition of the
problem we now show the procedure for the case of the
electric scalar potential inside a parallel plate waveguide,
being formally analogous for the rectangular cavity case.
From (1) and Table I we write the electric scalar potential

Green’s function in the parallel plate waveguide structure
shown in Fig. 5, as

GBv(z,ylx’,y') =

o0
Z [Gv(x,yl +z'+ 2ma, ) (2)
m=—o00

_GV (.'II, yl _:E’+ 2maa yl)] )

where Gy is the Sommerfeld type electric scalar potential
Green’s function in the layered structure considered. In

a=13 mm

H thm

|

Top View

Side View

Fig. 2. Microstrip line printed on a thick substrate and backed by
a parallel plate waveguide.
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(a) Results with 22 spatial images.
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(b) Results with 102 spatial images.

Fig. 3. Scattering parameters of the structure in Fig. 2 when 22 and
102 spatial images are included in the analysis
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the above equation, it is convenient to define an interme-
diate Green’s function representing the potential created
by a basic image couple (basic image set) as (Fig. 5)
100 " Total Gl‘a}: (.’L‘, ylxlv y,) =Gy (xa y' +Zl+ 2ma7 yl) - (3)
10 Spat. sttisg — Gv (337 yl -z’ + 2ma, yl),
i N\, . Surf. Wave =
ol \ and obviously, this intermediate Green’s function matches
e \ the boundary conditions at the z = 0 wall. To serve our
0.01 I L purposes, it is convenient to truncate the infinite spatial
0.001 L 2 series with (M) and rewrite equation (2) using the defini-
— i \ tion in (3
S oo o \\ ion in (3) as
1e-05 AN e
\."\ ~._‘. +M~-1
1e-06 Cev(z,yl,y) > Y. GiE(z,yle’,y)
1e-07 m=—M+1
1e-08 \.".. + G%’I-(-SM (23, y|$,7 yl) + G%I_.SM (1:7 ylx’y yl)' (4)
le-og .‘.\. “\, 3 . - . . .
It is interesting to observe that the spatial images in (4)
10 o1 0. 1 10 100 1000 10000 is balanced with respect the first metallic wall at (z = 0),
kop that is the boundary conditions are already rigorously im-
posed at this wall. On the contrary, the series is unbal-
(2) Frequency 2 GH. anced w1'th r?spec.t the sgconc? me’?alhc wall at (z = a).
The key idea in this technique is to introduce an unknown
constant (g) so that the strength of the two last basic im-
100 = age sets in the series are adjusted to enforce the right
10 Frodng g S0~ i boundary condition for the potential also at the second
1 NG Soef Wave —omen metallic wall. We then introduce the unknown constant
..... TR (¢) and rewrite (4) as
(1) S S—— R
0.1 NS +M-1
0.001 %, N Gev(z,ylz',y) = Z Gy (z,yl',y")
= " TR, \ m=—M+1
G oo R BIS root BIS v
& +4[G%,, (@ 4l7'¥) + G, @yl v)]. ()
%
1e-06 .,” S éy
1le-07
1e-08 P
1e-09 : y[ 7 ? :
le-10 e : %
0.01 0.1 1 10 100 1000 10000 YY) : H oo
kop E
| &
{(b) Frequency 10 GHz. : 2z
Fig. 4. Imaginary axis decomposition for the electric scalar potential a a a a
associated to the problem in Fig. 2. Source-observer distance is p.

Fig. 5. Spatial images arrangement for a parallel plate waveguide
structure.
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In (5) the potential created by the first (2M — 1) basic
image sets can now be defined as

+M-1
> G¥E(zly),  (6)

m=—M-+1

éBV (ZL', ylm,a y/) =

and the potential created by the two last basic image sets
as

Giav(xsylxl’ yl) =q [
(7)

Next, the potential created by the first (2M — 1) basic
image sets at the projection of the observer point at the
second metallic wall is computed from (6) as

+M-1
> G¥(auley). (8
m=—M+1

w= éBV(a7y]xlay,) =

Since the total potential must be zero also at the second
metallic wall, the potential created by the two last basic
image sets must compensate (8), and thus the following
relation can be written

~w=q [T, (0.l ) + G, (a,yle,¥)], (@)
from where the unknown constant required to annihilate
the total potential also at the second metallic wall is easily
found as
W
T mty’

q (10)

with the redefinitions of the following coefficients

BIS

T2 = V_M(a’7y|x,’y,)' (11)

?’:.SM (a, y|$,7 y/),

M=

It is important to point out that a similar procedure
as the one described here for the electric scalar potential
is also applied for those components of the magnetic vec-
tor potential satisfying Newman boundary conditions at
the metallic walls, and the only difference is that numer-
ical differentiation is used in order to annihilate the total
derivative.

To show the effectiveness of the approach developed, we
have computed the electric scalar potential Green’s func-
tion for the structure in Fig. 2 when the direct sum in
(4) is used and when the new specially truncated set of
images is used. In Fig. 6 we show the results obtained
as a function of the observer point position for two dif-
ferent frequencies (10 GHz and 30 GHz), fixed position of
the source (z’/a = 0.107) and when a total number of 3
and 60 pairs of basic image sets are included in the direct
sum, and only 3 pairs of basic image sets in the specially

%, (@ vl ) + G, @yl )
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Fig. 6. Shielded electric scalar potential Green’s function associated
to the problem in Fig. 2 when direct sum is used and when the new
specially truncated set of images is used.
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truncated series. As we can observe, close to singularity

both approaches give similar results, but boundary condi-

tions at the second lateral wall are only satisfied when the

specially truncated set of images is used. Also we observe ‘ i
that the oscillations due to the standing wave created by | | v 1 3
the presence of the lateral walls are slightly readjusted i
when the specially truncated set of images is used. This
readjustment appears to be necessary to allow the poten-

tial to be zero at the lateral metallic walls. Finally, it -10
can be observed that when 60 pairs of basic image sets
(242 images) are used in the direct sum, the boxed elec-
tric scalar potential converges to the results obtained with
just 3 specially truncated pairs of basic image sets (14 im-
ages), thus indicating the huge saving in computational 2 sl
effort obtained with the new approach. 21
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When the newly developed Green’s functions are used
in the analysis of the structure in Fig. 2 we observe fast -25
convergence properties in the results. In Fig. 7 we present
the computed S-parameters showing very smooth behav-
ior and that the ripple has been effectively canceled out, 0 2 4 6 8§ 10 12 14
even with only 3 specially truncated pairs of basic image Frequency (GHz)
sets (14 images). By contrast, convergence is not achieved
even after 25 pairs of basic image sets (102 images) with-
out truncation as shown in Fig. 3.

16 18

(2) Results with 2 truncated pairs of basic image sets.

To further validate the theory presented, a breadboard

of the structure in Fig. 2 has been manufactured and N R
tested. In Fig. 8 we present measured versus simulated | | e 3
results showing good agreement for both Sj; and Sa 5 e /\ 1 //
scattering parameters and with only 3 specially truncated / ; \“/\ (
pairs of basic image sets in the calculations.

Finally, it is important to point out that with the pro- a 10 v
posed approach all additional computations are performed i’/ \ / \ / 1
analytically and that the reduction in the number of im- g 15 N
ages required to obtain good convergence is considerable, E \j
so that the implementation of efficient software codes is p“? /
possible. @ 20 s11

/ 1 g—
IV. RESULTS AND DISCUSSIONS 25
A software code based on the proposed approach has

been written for the analysis of complex cavity backed -30

2 4 6 8 10 12 14 16 18
antennas. The asymptotic technique described in [9] has

Frequency (GHz)
been used for the evaluation of the basic Sommerfeld in-
tegrals for large values of source-observer distances and a ] ] o
MoM technique based on triangular cells has been imple- (b) Results with 3 truncated pairs of basic image sets.

mented.

Fig. 7. Scattering parameters of the structure in Fig. 2 when 2 and

To show the usefulness of the technique, we present 3 specially truncated pairs of basic image sets are included in the

the analysis of a circular-polarized cavity-backed antenna  analysis.
containing two stacked patches of complex shapes (note
in particular the narrow slits existing in both patches). In
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Fig. 9 we show the basic geometry of the antenna and the
triangular meshes used in conjunction with the developed
algorithms. For the analysis of this structure, adequate
magnetic currents are defined at the cavity’s top aper-
ture and a set of coupled integral equations is defined and
solved in the fashion described in [10]. In these equa-
tions, all electromagnetic interactions are computed with
the specially truncated set of images derived in this pa-
per. Fig. 10 presents measured versus simulated results
for the S-parameters of the antenna when the upper patch
is removed, and Fig. 11 for the complete antenna struc-
ture, with the upper patch on top, showing in all cases
good agreement. An interesting feature of the technique
derived is the rate of convergence of the numerical re-
sults when the number of specially truncated images is
increased. For this last example no significance numerical
difference is observed with 10 and 14 images, thus indi-
cating good and fast convergence of the developed series.

V. CONCLUSIONS

In the frame of IE-MoM, a new contribution to the anal-
ysis of arbitrary shielded microwave circuits and cavity
backed antennas has been presented. Following the pro-
posed approach, Green’s functions are formulated with
well known Sommerfeld integrals and the know-how al-
ready available in this field is reused. The presence of
lateral metallic walls is taken into account by using stan-
dard image theory and the convergence conditions of the
resulting image series have been investigated. When slow
convergence occurs, a specially truncated set of images
has been derived, based on the rigorous imposition of the
boundary conditions for the fields and potentials at the
metallic walls. Results reveal that convergence using the
specially truncated set of images is very fast and that with
only 10-14 images accurate results are obtained. More-
over, the use of the technique described simply adds few
analytical operations to the basic Sommerfeld formalism
so that efficient computer codes can still be developed. In
this paper measured and simulated results are compared
for a stacked patch antenna with both patches exhibiting
a complicated shape.
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