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A B S T R A C T   

This projected work applies the generalized exponential rational function method to extract the complex, trig-
onometric, hyperbolic, dark bright soliton solutions of the cubic nonlinear Schrödinger’s equation. Moreover, 
trigonometric, complex, strain conditions and dark-bright soliton wave distributions are also reported. 
Furthermore, the modulation instability analysis is also studied in detail. To better understand the dynamic 
behavior of some of the obtained solutions, several numerical simulations are presented in the paper. According 
to the obtained results, it is clear that the method has less limitations than other methods in determining the 
exact solutions of the equations. Despite the simplicity and ease of use of this method, it has a very powerful 
performance and is able to introduce a wide range of different types of solutions to such equations. The idea used 
in this paper is readily applicable to solving other partial differential equations in mathematical physics.   

Introduction 

In modern century, many experts from all over the world have 
directed their studies to the investigation of deep properties of nonlinear 
partial differential evaluations (NLPDEs). In this sense, nonlinear 
reaction-diffusion and wave-type equations with delay containing var-
iable coefficients and arbitrary functions have been observed in [1]. 
Global stability analysis of a fractional SVEIR epidemic model has been 
presented in [2]. The fifth order potential Bogoyavlenskii-Schiff equa-
tion has been studied in a detailed manner in [3]. Some important 
properties of the fractional predator-prey-pathogen model with Mittag- 
Leffler kernel-based operators have been reported in [4]. By using the 
first integral method, several important roots of Wu-Zhang system with 
conformable have been archived in [5]. Second-order Sobolev-type 
impulsive neutral differential evolution inclusions with infinite delay 
has been investigated in detail [6]. Rational solutions, and the interac-
tion solutions to the (2 + 1)-dimensional time-dependent Date-Jimbo- 
Kashiwara-Miwa equation have been observed in [7]. The Brusselator 

reaction-diffusion system arising in chemical reactions have been also 
introduced to the literature [8]. In modern century, some important 
studies of real world problems such as coronavirus [9–11], predator- 
prey [12–14], dispersive long wave [15], interaction of tumor growth 
and the immune system [16], film problems [17], edge detecting tech-
niques [18], Fisher-KPP problems [19], the modeling hand-footmouth 
disease [20], the resonance nonlinear Schrödinger equation with inter-
modal dispersions [21], the extended nonlinear Schrödinger’s equation 
[22], HIV/AIDS transmission model [23], Schamel’s equation [24], 
Burgers’ equation with time delay [25], integrodifferential equations 
with nonlocal conditions [26], Zakharov-Kuznetsov [27], Gardner’s 
equation [28], generalized Gerdjikov-Ivanov equation [29] and 
Kawahara-KdV type equation [30] and so on [31–39] have been inves-
tigated in a detailed manner. 

In this paper, we consider the cubic nonlinear Schrödinger’s equa-
tion with repulsive delta potential as [40] 
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i
∂u(x, t)

∂t
+

1
2

∂2
u(x, t)
∂x2 − aδu(x, t) − b|u(x, t)|2u(x, t) = 0, (1)  

where a and b are tow nonzero real constants, δ is the dirac measure at 
the origin. The soliton-defect interactions of Eq. (1) have been presented 
by Goodman et al. [41]. Eq. (1) is used to describe the resonant 
nonlinear propagation of light through optical wave guides with local-
ized defects [42]. This governing model can be also investigated by 
using various methods such as the trigonometric function series method 
[48], the modified mapping method and the extended mapping method 
[49], the modified trigonometric function series method [50], the 
bifurcation method and qualitative theory of dynamical systems [51], 
the modified (G′/G)-expansion method [52], dynamical systems 
approach [53], the extended (G′/G)-expansion method [54] and so on 
[55–60]. Recently, many experts have immensely studied to investigate 
the deeper properties of mathematical models by using various ap-
proaches [62–77]. 

The outline of the method 

As the theory of differential equations progresses, we need some new 
techniques to help us find exact solutions to such equations. One of these 
efficient methods is the generalized exponential rational function 
method (GERFM) [43]. This method has been used to solve many 
nonlinear models in mathematics and physics with many applications in 
science and technology [44–47]. This method should be used as follows. 
.  

1. First, let us assume that we are going to solve a nonlinear partial 
differential equation of the following form 

N (u,ux,ut,uxx,…) = 0. (2)  

Taking transformations u = u(ξ) and ξ = σx − φt into account in 
(2) reduces the problem to the following ordinary differential 
equation 

N (u,u
′

,u′′,…) = 0. (3)    

2. The main assumption of the method is based on the fact that the 
equation has a solution in the following symbolic form 

u(ξ) = α0 +
∑κ

k=1
αkΘ(ξ)k

+
∑κ

k=1
βkΘ(ξ)− k

, (4)  

where 

Θ(ξ) =
ρ1eθ1ξ + ρ2eθ2ξ

ρ3eθ3ξ + ρ4eθ4ξ . (5)  

Also, ρi, θi(1⩽i⩽4), α0,αk and βk(1⩽k⩽κ) are unknown parameters 
which cause this solution to be satisfied in the equation. Moreover, κ 
is a balancing number of the equation.  

3. Putting Eq. (4) into Eq. (3), a set of nonlinear system of algebraic 
equations is constructed based on the parameters in the solution.  

4. By solving this nonlinear system of equations and placing its non- 
trivial solutions into the general form considered in (4), the solu-
tions of the original equation are obtained. 

Mathematical analysis 

To investigate the exact solution of Eq. (1), let us define the following 
new transformations 

u(x, t) = u(ξ) × eiΦ, ξ = μ(x − νt),Φ = px+ rt. (6)  

where μ and k are unknown constants. 
Taking Eq. (6) into account converts Eq. (1), from the imaginary part 

we find that ν = p. Moreover the following ordinary differential equa-
tion is also obtained from the real part [42] 

μ2u′′(ξ) − 2bu3(ξ) −
(
p2 + 2(r + aδ)

)
u(ξ) = 0. (7) 

This equation has also some properties of the Duffing equation which 
is the equation governing the oscillations of a mass attached to the end of 
a spring whose tension (or compression) [61]. Taking balance principles 
between u3 and u′′ into account in Eq. (7) yields 3κ = κ + 2↣κ = 1. 
Immediately the general structure for the solution to the problem, which 
is presented in (4), is determined as follows 

u(ξ) = α0 +α1Θ(ξ)+ β1Θ− 1(ξ). (8) 

Following the steps mentioned for the method, the solutions of the 
equation will be specified as follows. 

Class 1: 
Taking [ρ1, ρ2, ρ3, ρ4] = [1 − i,1+i,1,1] and [θ1, θ2, θ3, θ4] =

[i, − i, i, − i] in Eq. (5) into account yields 

Θ(ξ) =
cos(ξ) + sin(ξ)

cos(ξ)
. (9) 

Case1: Other parameters, in this case, are as follows 

μ = A0
̅̅̅
b

√
, ν =

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

2A2
0b − 2 aδ − 2 r

√

, r = r,A0 = A0,A1 = 0,B1 = − 2A0.

Substituting these solutions into (8) and (9), one achieves 

u(ξ) =
A0(2cos(ξ)sin(ξ) − 1 )

2 (cos(ξ) )2
− 1

.

Based on these results, we obtain the following solution  

Fig. 1. 3D plot corresponding to the solution u1(x, t) in Eq. (10) when A0 = 1, a = 0.2, b = 0.3, δ = 0.1, r = 0.3.  
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We have plotted the dynamic behavior of the solution u1(x, t) given 
by Eq. (10) in Fig. 1. 

Case2: Other parameters, in this case, are as follows 

μ = A1
̅̅̅
b

√
, ν =

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

2 A2
1b − 2aδ − 2 r

√

, r = r,A0 = − A1,A1 = A1,B1 = 0.

Substituting these solutions into (8) and (9), one achieves 

u(ξ) =
A1sin(ξ)
cos(ξ)

.

Based on these results, we obtain the following solution 

u2(x, t) =
A1sin

(

A1
̅̅̅
b

√
(

−

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

2A2
1b − 2aδ − 2 r

√

t + x
))

cos
(

A1
̅̅̅
b

√
(

−

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

2 A2
1b − 2aδ − 2 r

√

t + x
)) × ei(νx+rt). (11) 

Class 2: 
Taking [ρ1, ρ2, ρ3, ρ4] = [1 − i, − 1 − i, − 1, 1] and [θ1, θ2, θ3, θ4] =

[i, − i, i, − i] in Eq. (5) into account yields 

Θ(ξ) =
− sin(ξ) + cos(ξ)

sin(ξ)
. (12) 

Case1: Other parameters, in this case, are as follows 

μ = A0
̅̅̅
b

√
, ν =

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

2 A2
0b − 2aδ − 2 r

√

, r = r,A0 = A0,A1 = 0,B1 = 2A0.

Inserting these solutions into (8) and (12), it reads 

u(ξ) =
A0(cos(ξ) + sin(ξ) )
− sin(ξ) + cos(ξ)

.

Based on these results, one obtained the following exact solution  

The dynamic behavior of the solution u3(x, t) given by Eq. (13) are 
displayed Fig. 2. 

Case2: Other parameters, in this case, are as follows 

μ = A1
̅̅̅
b

√
, ν =

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

2A2
1b − 2 aδ − 2 r

√

, r = r,A0 = A1,A1 = A1,B1 = 0.

Inserting these solutions into (8) and (12), it reads 

u(ξ) =
A1cos(ξ)

sin(ξ)
.

Based on these results, one obtained the following exact solution 

u4(x, t) =
A1cos

(
̅̅̅
b

√
(

−

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

2A2
1b − 2aδ − 2 r

√

t + x
))

sin
(

A1
̅̅̅
b

√
(

−

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

2A2
1b − 2aδ − 2 r

√

t + x
)) × ei(νx+rt). (14) 

Class 3: 
Taking [ρ1, ρ2, ρ3, ρ4] = [2 − i, − 2 − i, − 1,1] and [θ1, θ2, θ3, θ4] =

[i, − i, i, − i] in Eq. (5) into account yields 

Θ(ξ) =
− 2sin(ξ) + cos(ξ)

sin(ξ)
. (15) 

Case1: Other parameters, in this case, are as follows 

μ = A0
̅̅̅
b

√
, ν =

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

2A2
0b − 2aδ − 2 r

√

, r = r,A0 = A0,A1 = 0,B1 = 5A0.

Inserting these solutions into (8) and (15), it reads 

u(ξ) =
A0(2cos(ξ) + sin(ξ) )
− 4sin(ξ) + 2 cos(ξ)

.

Based on these results, one obtained the following exact solution 

Fig. 2. 3D plot corresponding to the solution u3(x, t) in Eq. (13) when A0 = 1, a = 2, b = 0.8, δ = − 2, r = 2.  

u1(x, t) =
A0

(

2cos
(

A0
̅̅̅
b

√
(

−

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

2A2
0b − 2 aδ − 2 r

√

t + x
))

sin
(

A0
̅̅̅
b

√
(

−

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

2A2
0b − 2aδ − 2 r

√

t + x
))

− 1
)

2
(

cos
(

A0
̅̅̅
b

√
(

−

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

2A2
0b − 2 aδ − 2 r

√

t + x
)))2

− 1
× ei(νx+rt). (10)   

u3(x, t) =
A0

(

cos
(

A0
̅̅̅
b

√
(

−

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

2A2
0b − 2aδ − 2 r

√

t + x
))

+ sin
(

A0
̅̅̅
b

√
(

−

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

2A2
0b − 2aδ − 2 r

√

t + x
)))

− sin
(

A0
̅̅̅
b

√
(

−

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

2A2
0b − 2aδ − 2 r

√

t + x
))

+ cos
(

A0
̅̅̅
b

√
(

−

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

2A2
0b − 2aδ − 2 r

√

t + x
)) × ei(νx+rt). (13)   
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Class4: 
Taking [ρ1, ρ2, ρ3, ρ4] = [ − 1,0, 1,1] and [θ1, θ2, θ3, θ4] = [0, 0,1, 0] in 

Eq. (5) into account yields 

Θ(ξ) = −
1

1 + eξ . (17) 

Case1: Other parameters, in this case, are as follows 

μ = 2A0
̅̅̅
b

√
, ν = ν, r = − A2

0b − aδ − 1
/

2ν2,A0 = A0,A1 = 2 A0,B1 = 0.

Inserting these solutions into (8) and (17), it reads 

u(ξ) =
A0(eξ − 1)

eξ + 1
.

Based on these results, one obtained the following exact solution 

u6(x, t) =
A0

(
e2 A0

̅̅
b

√
(− ν t+x) − 1

)

e2 A0
̅̅
b

√
(− ν t+x) + 1

× ei(νx+rt). (18) 

The dynamic behavior of the solution u6(x, t) given by Eq. (18) are 
displayed Fig. 3. 

Class 5: 
Taking [ρ1, ρ2, ρ3, ρ4] = [3, 2,1, 1] and [θ1, θ2, θ3, θ4] = [1, 0,1, 0] in 

Eq. (5) into account yields 

Θ(ξ) =
3eξ + 2
eξ + 1

. (19) 

Case1: Other parameters, in this case, are as follows 

μ = 2A0
̅̅̅
b

√
, ν =

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

− 2 A2
0b − 2aδ − 2 r

√

, r = r,A0 = A0,A1 = 0,B1

= − 12A0.

Inserting these solutions into (8) and (19), it reads 

u(ξ) =
A0(3eξ − 2)
15eξ + 10

.

Based on these results, one obtained the following exact solution 

u7(x, t) =
A0

(

3e2A0
̅̅
b

√ ( ̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
− 2 A2

0b− 2 aδ− 2 r
√

t+x
)

− 2
)

15e2A0
̅̅
b

√ (
−

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
− 2 A2

0b− 2 aδ− 2 r
√

t+x
)

+ 10
× ei(νx+rt). (20) 

The dynamic behavior of the solution u7(x, t) given by Eq. (20) are 
displayed Fig. 4. 

Taking [ρ1, ρ2, ρ3, ρ4] = [ − 1,1, 1,1] and [θ1, θ2, θ3, θ4] = [1, − 1, 1, − 1]
in Eq. (5) into account yields 

Θ(ξ) = −
sinh(ξ)
cosh(ξ)

. (21) 

Case1: Other parameters, in this case, are as follows 

μ = A1
̅̅̅
b

√
, ν =

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

4A2
1b − 2 aδ − 2 r

√

, r = r,A0 = 0,A1 = A1,B1 = − A1.

Inserting these solutions into (8) and (21), it reads 

u(ξ) =
A1

cosh(ξ)sinh(ξ)
.

Fig. 3. 3D plot corresponding to the solution u6(x, t) in Eq. (18) when A0 = 1, a = 0.2, b = 0.3, δ = 0.1, ν = 0.3.  

Fig. 4. 3D plot corresponding to the solution u7(x, t) in Eq. (20) when A0 = 1, a = 2, b = 0.5, δ = − 2, r = 0.3.  

u5(x, t) =
A0

(

2cos
(

A0
̅̅̅
b

√
(

−

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

2A2
0b − 2 aδ − 2 r

√

t + x
))

+ sin
(

A0
̅̅̅
b

√
(

−

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

2 A2
0b − 2aδ − 2 r

√

t + x
)))

− 4sin
(

A0
̅̅̅
b

√
(

− ,

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

2A2
0b − 2aδ − 2 r

√

t + x
))

+ 2cos
(

A0
̅̅̅
b

√
(

−

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

2 A2
0b − 2aδ − 2 r

√

t + x
)) × ei(νx+rt). (16)   
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Based on these results, one obtained the following exact solution  

The dynamic behavior of the solution u8(x, t) given by Eq. (22) are 
displayed Fig. 5. 

Class 7: 
Taking [ρ1, ρ2, ρ3, ρ4] = [ − 2 − i,2 − i, − 1,1] and [θ1, θ2, θ3, θ4] =

[i, − i, i, − i] in Eq. (5) into account yields 

Θ(ξ) =
cos(ξ) + 2sin(ξ)

sin(ξ)
. (23) 

Case1: Other parameters, in this case, are as follows 

μ = A0
̅̅̅
b

√
, ν =

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

2 A2
0b − 4aδ − 4 r

√

, r = r,A0 = A0,A1 = 0,B1 = − 5
/

2 A0.

Inserting these solutions into (8) and (23), it reads 

u(ξ) =
A0( − sin(ξ) + 2cos(ξ) )

2cos(ξ) + 4sin(ξ)
.

Based on these results, one obtained the following exact solution  

Class 8: 

Taking [ρ1, ρ2, ρ3, ρ4] = [ − 3, − 1,1, 1] and [θ1, θ2, θ3, θ4] =

[1, − 1,1, − 1] in Eq. (5) into account yields 

Θ(ξ) =
− 2cosh(ξ) − sinh(ξ)

cosh(ξ)
. (25) 

Case1: Other parameters, in this case, are as follows 

μ = A0
̅̅̅
b

√
, ν =

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

− 2A2
0b − 2aδ − 2 r

√

, r = r,A0 = A0,A1 = 0,B1 = 3A0.

Inserting these solutions into (8) and (25), it reads 

u(ξ) =
A0(2sinh(ξ) + cosh(ξ) )

4cosh(ξ) + 2sinh(ξ)
.

Based on these results, one obtained the following exact solution  

The dynamic behavior of the solution u10(x, t) given by Eq. (26) are 
displayed Figs. 6 and 7. 

Class 9: 
Taking [ρ1, ρ2, ρ3, ρ4] = [i, − i,1, 1] and [θ1, θ2, θ3, θ4] = [i, − i, i, − i] in 

Eq. (5) into account yields 

Fig. 5. 3D plot corresponding to the solution u8(x, t) in Eq. (22) when A1 = 1, a = 1.3, b = 2, δ = 0.5, r = 0.9.  

u8(x, t) =
A1

cosh
(

A1
̅̅̅
b

√
(

−

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

4A2
1b − 2aδ − 2 r

√

t + x
))

sinh
(

A1
̅̅̅
b

√
(

−

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

4A2
1b − 2aδ − 2 r

√

t + x
))× ei(νx+rt). (22)   

u9(x, t) =
A0

(

− sin
(

A0
̅̅̅
b

√
(

−

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

2A2
0b − 2aδ − 2r

√

t + x
))

+ 2cos
(

A0
̅̅̅
b

√
(

−

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

2A2
0b − 2aδ − 2r

√

t + x
)))

2cos
(

A0
̅̅̅
b

√
(

−

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

2A2
0b − 2aδ − 2r

√

t + x
))

+ 4sin
(

A0
̅̅̅
b

√
(

−

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

2A2
0b − 3aδ − 2r

√

t + x
)) × ei(νx+rt). (24)   

u10(x, t) =
A0

(

2sinh
(

A0
̅̅̅
b

√
(

−

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

− 2A2
0b − 2aδ − 2 r

√

t + x
))

+ cosh
(

A0
̅̅̅
b

√
(

−

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

− 2A2
0b − 2aδ − 2 r

√

t + x
)))

4cosh
(

A0
̅̅̅
b

√
(

−

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

− 2A2
0b − 2aδ − 2 r

√

t + x
))

+ 2sinh
(

A0
̅̅̅
b

√
(

−

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

− 2A2
0b − 2aδ − 2 r

√

t + x
)) × ei(νx+rt). (26)   
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Θ(ξ) = −
sin(ξ)
cos(ξ)

. (27) 

Case1: Other parameters, in this case, are as follows 

μ =
̅̅̅
b

√
B1, ν =

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

8 B2
1b − 2aδ − 2 r

√

, r = r,A0 = 0,A1 = − B1,B1 = B1.

Inserting these solutions into (8) and (27), it reads 

u(ξ) =
B1(1 − 2cos2(ξ) )

cos(ξ)sin(ξ)
.

Based on these results, one obtained the following exact solution 

The dynamic behavior of the solution u11(x, t) given by Eq. (28) are 
displayed Fig. 6. 

Class 10: 
Taking [ρ1, ρ2, ρ3, ρ4] = [i, − i,1, 1] and [θ1, θ2, θ3, θ4] = [i, − i, i, − i] in 

Eq. (5) into account yields 

Θ(ξ) =
− eξ − 2
eξ + 1

. (29) 

Case1: Other parameters, in this case, are as follows 

μ = 2A0
̅̅̅
b

√
, ν =

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

− 2A2
0b − 2aδ − 2 r

√

, r = r,A0 = A0,A1 = 0,B1 = 4A0.

Inserting these solutions into (8) and (29), it reads 

u(ξ) = −
A0(eξ − 2)

3eξ + 6
.

Based on these results, one obtained the following exact solution 

u12(x, t) = −

A0

(

e2A0
̅̅
b

√ (
−

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
− 2 A2

0b− 2 aδ− 2 r
√

t+x
)

− 2
)

3e2A0
̅̅
b

√ (
−

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
− 2 A2

0b− 2 aδ− 2 r
√

t+x
)

+ 6
× ei(νx+rt). (30)  

Modulation instability analysis 

In this section of the article we discuss instability modulation anal-
ysis (MI) for the stationary solutions of Eq. (1) by assuming that Eq. (1) 
have the following stationary solutions 

u(x, t) = (
̅̅̅̅̅
P0

√
+ ρ(x, t))eiϕ,ϕ = P0x (31)  

where P0 represent the incident power. We investigate the evolution of 
the perturbation ρ(x, t) using the concept of linear stability analysis. 
Substituting Eq. (31) into Eq. (1) and linearizing the result in ρ(x, t), we 
acquire. 

iρt +
1
2
ρxx − aδ(

̅̅̅̅̅
P0

√
+ ρ) − bP0(ρ+ ρ∗) = 0, (32)  

where ρ∗ is the conjugate function, supposing solutions of Eq. (32) are in 
the following 

ρ(x, t) = γei(βx− αt) + δe− i(βx− αt), (33)  

where β is the wave number, α is the frequency of the perturbation. 

u11(x, t) =
B1

(
1 − 2cos2

( ̅̅̅
b

√
B1

(
−

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

8B2
1b − 2aδ − 2 r

√

t + x
)))

cos
( ̅̅̅

b
√

B1

(
−

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

8B2
1b − 2aδ − 2 r

√

t + x
))

sin
( ̅̅̅

b
√

B1

(
−

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

8B2
1b − 2aδ − 2 r

√

t + x
))× ei(νx+rt). (28)   

Fig. 6. 3D plot corresponding to the solution u10(x, t) in Eq. (26) when A0 = 1, a = 4.2, b = 2, δ = − 3.5, r = 0.2.  

Fig. 7. 3D plot corresponding to the solution u11(x, t) in Eq. (26) when B1 = 1, a = 1.2, b = 0.7, δ = − 0.6, r = 0.2.  
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Putting Eq. (33) in Eq. (32) gives a set of two homogenous equations as 
follows 

αγ
1
2
β2γ − aγβ − aδ

̅̅̅̅̅
P0

√
− bγP0 − bτP0 = 0, (34)  

− bγP0 + ατ − 1
2
β2τ − aδτ − bτP0 = 0.

(35) 

From Eqs. (34,35) one can easily obtain the following coefficient 
matrix of γ and τ . 
⎛

⎜
⎜
⎜
⎜
⎜
⎝

− α −
1
2
β2 − aδ −

1
γ

aδ
̅̅̅̅̅
P0

√
− bP0 − bP0

− bP0 α −
1
2
β2 − aδ − bP0

⎞

⎟
⎟
⎟
⎟
⎟
⎠

⎛

⎝
γ
τ

⎞

⎠

=

⎛

⎝
0
0

⎞

⎠. (36) 

The coefficient matrix in Eq. (36) has a nontrivial solution if the 
determinant equal to zero. By expanding the determinant, we obtain the 
following 

γ(− 4α2+(β2+2aδ)2
)+2aδ(− 2α+β2+2aδ)

̅̅̅̅̅
P0

√
+4bγ(β2+2aδ)P0+4abδP

3
2
0

4γ
=0.

(37) 

Eq. (37) has the following solutions 

β=∓

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

−
aδ(2γ+

̅̅̅̅̅
P0

√
)+2bγP0 +

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

4α2γ2 +4aαγδ
̅̅̅̅̅
P0

√
+a2δ2P0 +4b2γ2P2

0

√

)

γ

√
√
√
√

.

(38)   

β=∓

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

− aδ(2γ+
̅̅̅̅̅
P0

√
) − 2bγP0 +

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

4α2γ2 +4aαγδ
̅̅̅̅̅
P0

√
+a2δ2P0 +4b2γ2P2

0

√

)

γ

√
√
√
√

.

(39) 

The stability of the steady state is determined by Eqs. (38,39). If the 
wave number β has an imaginary part, the steady-state solution is un-
stable since the perturbation grows exponentially. But if the wave 
number β is real, the steady state is stable against small perturbation. 
Thus, the necessary condition for the existence of modulation instability 
to occur from Eqs. (38,39) is when either 

aδ(2γ +
̅̅̅̅̅
P0

√
) + 2bγP0 +

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

4α2γ2 + 4aαγδ
̅̅̅̅̅
P0

√
+ a2δ2P0 + 4b2γ2P2

0

√

)

γ
> 0,

(40)  

or 

− aδ(2γ +
̅̅̅̅̅
P0

√
) − 2bγP0 +

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

4α2γ2 + 4aαγδ
̅̅̅̅̅
P0

√
+ a2δ2P0 + 4b2γ2P2

0

√

)

γ
< 0.

(41) 

Now for investigating instability modulation gain spectrum it should 
be noticed that 

g(α)=2Im(β)

=∓2

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

aδ(2γ+
̅̅̅̅̅
P0

√
)+2bγP0+

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

4α2γ2+4aαγδ
̅̅̅̅̅
P0

√
+a2δ2P0+4b2γ2P2

0

√

)

γ

√
√
√
√

>0,
(42) 

It must be taking to consideration that γ∕=0, we have the following 
cases. 

Case1) If 

g(α)=2Im(β)

=2

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

aδ(2γ+
̅̅̅̅̅
P0

√
)+2bγP0 +

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

4α2γ2 +4aαγδ
̅̅̅̅̅
P0

√
+a2δ2P0 +4b2γ2P2

0

√

)

γ

√
√
√
√

>0,
(43)  

we have the following sub cases 
Case1.1) For these values γ = − 2

3 , δ = 2
5, b = 2, P0 = 1, a = 1

4,of 
constants in Eq. (43) we have 

g1,1(α) =

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

− 81 +
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
6409 + 80α(− 3 + 20α)

√√

̅̅̅
5

√ , (44) 

Case1.2) When γ = − 1, δ = 1,b = − 1
2 ,P0 = 4,a = 1

3in Eq. (43), we 
find 

g1,2(α) = 2

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

4 +

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
148
9

−
8α
3
+ 4α2

√√

, (45) 

Case1.3) Selecting γ = − 2,δ = − 1
4,b = 1

2,P0 = 2,a = − 1
2in Eq. (43), 

we extract 

Fig. 8. The instability modulation for different values mentioned parameters.  
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g1,3(α) =
1
2

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

− 36 +
̅̅̅
2

√
+

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

1026 + 64α(−
̅̅̅
2

√
+ 16α)

√√

, (46) 

Case1.4) Taking as γ = − 3
2,δ = 2

3,b = − 1
4 ,P0 = 1,a = 1

5in Eq. (43), we 
gain the following solution 

g1,4(α) =
1
3

̅̅̅
2
5

√ ̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

29 +
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
2089 + 72α(− 4 + 45α)

√√

. (47) 

These sub cases can be expressed as the following graphs. 

Conclusions 

In this worked manuscript, we have studied on the application of 
GERFM to the cubic nonlinear Schrödinger’s equation with repulsive 
delta potential. Many entirely new analytical solutions such as trigo-
nometric and hyperbolic function solutions, dark-bright soliton solu-
tions and also modulus properties to the governing model have been also 
reported. Moreover, real and imaginary surfaces of solutions obtained 
have been simulated in detail. Strain conditions and modulation insta-
bility analysis according to findings have been also reported. It can be 
also seen that the results of the governing model demonstrates the 
various types of wave propagations such as travelling and periodic wave 
distributions in physical problems. Travelling wave solutions in Figs. 1, 
2, 3, 4, 6, 7 have been simulated while singular soliton solution has been 
also plotted in Fig. 5. Finally, the modulation instability analysis simu-
lations has been also plotted in Fig. 8. 
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