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A stochastic model for chain collisions of vehicles
equipped with vehicular communications
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Abstract—Improvement of traffic safety by cooperative vehicu-
lar applications is one of the most promising benefits of VANH.
However, in order to develop properly such applications, tke
influence of the different driving parameters on the event ofa
vehicle collision must be assessed at an early design statrethis
paper we derive a stochastic model for the number of accidest
in a platoon of vehicles equipped with a warning collision
notification system, which is able to inform all the vehiclesabout
an emergency event. In fact, the assumption of communicatis
being used is key to simplify the derivation of a stochastic mdel.
The model enables the computation of the average number of
collisions that occur in the platoon, the probabilities of te
different ways in which the collisions may take place as welas
other statistics of interest. Although an exponential distibution
has been used for the traffic density, it is also valid for diférent
probability distributions for the traffic densities as well as for
other significant parameters of the model. Moreover, the aatal
communication system employed is independent of the model
since it is abstracted by a message delay variable, which alvs
it to be used to evaluate different communication technologs.
We validate the proposed model with Monte-Carlo simulatiors.
With this model one can quickly evaluate numerically the
influence of the different model parameters (vehicle densjt
velocities, decelerations and delays) on the collision press
and draw conclusions that shed relevant guidelines for the
design of vehicular communication systems as well as Chain
Collision Avoidance (CCA) applications. lllustrative examples of
application are provided, though a systematic characteriation
and evaluation of different scenarios is left as future work

Index Terms—\Vehicle safety, vehicular communications, chain
collision, vehicle platoon, collision avoidance, stochés model,
road accidents

I. INTRODUCTION

safety, driver-assistance, traffic control and other adegedn
services which will make future Intelligent Transportatio
Systems (ITS). The advances in technology and standardiza-
tion, especially with the allocation of dedicated bandwidt
to vehicular communications, from the mid 1990s have in-
creased research and development efforts on Vehicular Ad-
Hoc Networks (VANET) from the networking and mobile
communications community [1], though early research on
“Automated Highways Systems” goes back to the 1960s
and later [2]. Improvement of traffic safety by cooperative
vehicular applications is one of the most promising techinic
and social benefits of VANET [3], [4]. However, in order to
design and implement such applications, a deep understandi
of the vehicle collision processes is heeded. The influefice o
the different driving parameters on the collision event mus
be assessed at an early design stage in order to develop
applications that can timely adapt vehicle dynamics to Gvoi
or at least mitigate the danger [5].

Very detailed models of vehicle motion and collision dy-
namics can be found [6], [7], but the equations are com-
pletely deterministic, whereas, in reality, randomnesgvisys
present as an effect of human behaviour or noisy operation
introduced by sensors or other reasons. To account for it,
the usual methodology is to evaluate deterministic modgls b
applying a Monte-Carlo or stochastic analysis over an exten
sive range of their parameters [2], [6], [8]. However, to the
authors’ knowledge, little effort has been devoted to davel
models which are stochastic in nature, and in particular for
rear-end chain collisions of vehicles. Some reasons behind
it are the difficulties of evaluating all the possible ways in

NTER-VEHICLE communications based on wireless tec¥hich a collision may occur and the complexity posed by the
nologies pave the way for novel applications in traffiéact that the motion equations for those possibilities inea@
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dependence on the parameters of preceding vehicles. That is
the driver reacts to variations in the driving conditionsttod
preceding vehicle, as in a car-following approach [9], [10]
However, if vehicles use a communication system which is
able to inform all the vehicles about an emergency evensgho
difficulties can be overcome. The key is that, in that case,
it can be assumed that drivers react as soon as they receive
a warning message and they start braking independently of
the preceding vehicles behavior. This is in fact the goal of
warning collision systems or Electronic Brake Warning (EBW
applications. This assumption removes the dependencesof th
motion equations on the preceding vehicles and facilitétes
development of a stochastic model.

In this paper we take this approach. Our goal is to describe
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and analyze the risk of colliding for a set of moving vehicleSection Il we briefly review the related work. The derivation
forming a platoon (or chain) and equipped with a warningnd validation of the model is provided in Sections Il and
collision system when there is a sudden stop of the leading W&. Section V illustrates how to use the model to evaluate
hicle. To this aim, we derive a stochastic model for the numbthe influence of different parameters on the collision pssce
of accidents that occurs in this scenario. The model allosvs and to obtain qualitative conclusions relevant to the desig
to compute the average number of collisions that occur in thé vehicular communication as well as CCA applications.
platoon, among other statistics of interest. The scenariteu Conclusions and future work are remarked in Section VI, gvhil
consideration is basically a platoon of vehicles movingngla the necessary auxiliary material is relegated to the Apjoesd
unidimensional road in the same direction in which the legdi A and B.

vehicle suddenly comes to a complete stop. To consider a

worst case scenario we add two strong assumptions: first, Il. RELATED WORK

the leading vehicle stops instantly (it may also be consider . L
that a fixed obstacle lays on the road). Second, vehicles willOUr model assumes that there is a communication system
not be able to change their direction of movement to co tween vehicles that allows them to receive warning messag

with the unexpected incident. Our model is stochastic beead® Start braking in the event of a sudden stop of the leading

all its parameters may be described by random variabl&&r- However, such a system is abstracted in the model and
We derive the equations assuming always a random intparacterized by the use of a message reception/notificatio

vehicle spacing, in particular for an exponentially disated d€lay variable. Therefore, our model is actually independe
spacing, though the model is valid for other distribution®f it and can be applied to any communication system whose

When additional parameters are assumed random, the swutigPeration can be abstracted by an appropriate delay variabl
have been computed numerically. Additionally, it should bECT instance, current VANET standards specify the use of
observed that the model is independent of the communicati&FE 802.11p which is based on contention (CSMA) Medium
technology, since the operation of the communication ﬂysteAccess Control [1]. Such a shared channel MAC technique can

is abstracted by the use of a message reception/notificatish@bstracted in our model by a delay random variable with
delay variable. Finally, the probabilities for all the ways &N appropriate probability distribution [11]. Further aiét on

collision may take place are also derived, which can be arrtreurrent VANET communication technologies can be found in
used to evaluate the severity of accidents in higher ddail, [1]- . o . ) .
instance, by assigning different severity weights to déffe Regarding collision models for chains of vehicles two dif-
types of collision. A deeper discussion on this topic, hosvev ferent groups of studies can be found: (i) statistical medél
is out of the scope of this paper. the frequency of accidents occurrence and their circurns&an

The main practical utility of this model lays in its ability[12]; [13], and (i) models of the collision process itseéided
to quickly evaluate numerically the influence of the differ®n Physical parameters [2], [6], [8]. This paper falls on the
ent parameters on the collision process, without the nelddier category and additionally assumes that an automated
to resort to complex simulations in a first stage. Such d¥rning system is in place. In most of these studies determin
evaluation provides relevant guidelines for the design ef viStic equations for the occurrence of collisions are detied,
hicular communication systems as well as Chain CollisidR @ccount for random variability, stochastic analysis amité-
Avoidance (CCA) applications. As an example, it can quickl§;ar|0 simulations over a W|de_range of _model parameter_s_are
reveal for which range and distributions of the parametees tP€rformed afterwards to obtain an estimate of the collision
communication delay has a serious impact on the metric Rfiobability or other metrics of interest. Our approach is
interest, which can be the average number of accidents Bifferent and the model shown here is directly stochastit an
also the probability of collision of every vehicle in the aha aSSumes that at least the inter-vehicle distance is a random
Since it turns out that in some scenarios a low delay is n$riable, which is in fact a realistic assumption as shown in
relevant for the outcome, a communication system couldetrall4]l- We also perform Monte-Carlo simulations but, unlike
it off for additional reliability mechanisms. Moreover, this the previously mentioned papers, we use them to validate
paper we set either constant or purely random parameters, B¢ model rather Fhan tq obtam metrics of interest. Looking
the model can be used with arbitrary parameters to evaluft® these works in particular, in an early study Fenton [2]
more specific applications. For instance, to evaluate mulflefines an accident cost function to evaluate the severity of
hop communications we can set up a vector of delays wirghicle collisions. The collision model used is derived &or
progressively increasing values. We provide examples ef [@Utomatically controlléd platoon of vehicles which advance
in Section V, but in any case, a careful characterization 8f constant speed with a constant inter-vehicle spacing. A
the model parameters for the scenarios and applications i§'@ré recent work [8] provides a similar collision model for
necessary previous step. a four-car platoon of vehicles assuming that just one of the

So, in summary, in this paper our goal is to provide thyehicles is equipped with an _autonomous _intelligent cr_uise
derivation and validation of the model and show its utilif@ntrol- In both cases, the collision model defines how \lekic
with a few illustrative examples. A proper characterizatmd decelerate in order to obtain a deterministic equation Her t
evaluation of different scenarios and metrics is left asifit | , _

Let us note that early research, which goes back to the 1@60sjdered

work. . . . . the hypothesis of achieving “automated highway system&&res most of the
The remainder of this paper is organized as follows. kitiving tasks were automatically controlled.
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collision. Afterwards, the evaluation is done by randomigi N = N & 5 55D
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some parameters of the model and running a Monte-CarlQ, ™ <t %, x1 % xo Xay XL Xy XL,
simulation. In [10], authors derive conditions necessanyef

chain collision, starting from a car-following model. Howeg, Fig- 1. The scenario under consideration.

they assume that all the vehicles are driving with equalahit
speeds and inter-vehicle distances.

Interestingly, the vehicle collision model proposed insthi
paper is more general, it explicitly accounts for randonerint
vehicle spacing, and can be used to assign arbitrary vasabl
even random ones, to the kinematic parameters of each ve-
hicle as well as the warning message communication delay.
Moreover, there are additional applications of our moda, f
instance, it can be readily used to evaluate the severity of
collisions, as in [2]: since we compute the probability of

collisions occurring in several manners, we could assign a R/ 1-p b 1-R b \I-R
severity weight to each possibility, that is, we may assigmen . '
severity to a collision when both vehicles are in motion than @ @ @ @

to other cases, for example, though this topic is not treated
in the present paper. On the other hand, some of the resfilts 2. Probability tree diagram that defines the modgl; represents the
in [2] are similar to ours, for instance the Sensitivity Si",owstate withs collided vehicles ang successfully stopped vehicles.
to the decrease in deceleration capabilities of the sulesgqu
vehicles. In all the cases as well as in this paper, only eedr- o ) )
collisions are considered. Head-on collisions are evatuat Vi i i discussed in Sect. IV. Vehicles cannot change lane or
[6], based on a very detailed analytical model of the vehicl@€'fOrm evasive maneuvers.

Finally, in this paper we provide examples about the kind With this model the final outcome of a vehicle depends on
of results that can be drawn from the proposed model whiélie outcome of the preceding vehicles. Therefore, thesboili
are useful for the design of CCA applications. A review of'odel is based on the construction of the probability tree
intelligent collision avoidance algorithms can be foundsh depicted in Fig. 2. We consider an initial state in which no
In particular, the influence of delay notification on diffete vehicle has collided. Once the danger of collision has been
scenarios is useful to set appropriate time horizons for ccggtected, the first vehicle in the chaiiy (immediately after

systems based on trajectory prediction [3]. the leading one) may collide or stop successfully. From both
of these states two possible cases spring as well, thathisreit

the following vehicle in the chairC, may collide or stop

) ) ) ) successfully. And so on until the last vehicle in the chain
We consider a platoon (or chain) &f vehicles following a genoted byC'y. At the last level of the probability tree there

leading one (see Fig. 1), where each vehi€lei € 1...N, are N 41 possible outcomes (final outcomes) which represent

moves at constant velocity;. The leading vehicl€’, collides  the number of collided vehicles, that is, fradtto N possible

with an obstacle on the road, at time= 0, and immediately coljisions. Observe tha; ; represents the state witttollided

it sends a warning message to the following vehicles. TR@nicles andj successfully stopped vehicles.
rest of the vehicles start to brake at constant decelefation The transition probability between the nodes of the tree is

a; when they are aware of the risk of collision, that is, aftefe probapility of collision of the corresponding vehiatethe
a time lapse);. Let us remark here that this time lapse igpain,. (or its complementary). These probabilities are crucial

mainly determined by the reception of the warning messagg.ihe model and will be calculated recursively, as desdribe
generated by the communication system, so the reactioreof {je eyt section. Let us note how every path in the tree from

driver is independent of the movement state of the precediffg, oot to the leaves leads to a possible outcome involving

vehicle. That is, a warned driver will decelerate even if th@very vehicle in the chain. The probability of a particulattp
preceding car has not started to decelerate. In a classical ¢ogits from the product of the transition probabilitiestth
following approach, on the contrary, the deceleration Woulye|ong to the path. Since there are multiple paths that may
be a consequence of a change in the speed or inter-vehigley (5 the same final outcome (a particular leaf node in the
spacing of the preceding vehicle. For the sake of simplicififee) the probability of that outcome will be the sum of the
We assume _that every veh|cle_ has the_ same ledgénd its resulting probabilities of every possible path reaching it
position is given by the: coordinate of its front bumper. The In order to compute the probabilities of the final out-

leading vehicle stops at coordinatg = 0 and the initial inter- comes, we can construct a Markov chain whose state di-

vehicle spacing is; = ;~(;—1+L). We assume that at IeaStagram is based on the previously discussed probability

b oo o, 1 A 120 s s o w2
y © states,(So,0, 51,0, 50,1, - - - s SN0, SN=1,15 - - -, S1,N—1, S0, N)-

2To simplify the notation, in the remaining of the paper wesidara; a | € transition matrixp Of_ thﬁ:ﬁ?}g'}_gg Mgrkoy chain is a
deceleration and so assign it a positive sign. square matrix of dlmenS|0|427, which is a sparse

I1l. COLLISION MODEL
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emergency event until vehicl€’; actually begins to slow

0 p1-20 O O down. We callé; the notification delaywhich models the
000 RipO delay between the time instany = 0 and the instant the
000 0 » 1-p driver of vehicleC; is aware of it and starts to brake. These
b= 000000 parameters are depicted in Fig. 4. The notification delayspla
00 0000 an important role if we consider a communication system in
00 0 0 O0O0 operation between the vehicles. In this case, we can assume

that the driver starts to brake when it receives a warning
message, so if the emergency event occurgpat 0 the
Fig. 3. Probability tree and transition matrix for a chaintwlV = 2 vehicles. warning message is received @at= §; by the vehicleC;.
However, we assume a more realistic case in which there
is also a reaction time before the driver actually starts to
brake. Thereforé, = T,,, ; + 1., whereT,, ; is the message
reception delay and.; is the driver reaction time.
Considering a constanieceleratioru;, the distance needed
by vehicleC; to completely stopf it does not collideis given

by:

ty) - » Ci stops

V2
ds; = =— + Vid;. 2)

S,0 —
’ 2a;

However, when a collision occurs, the actual distance leave

R R A SREEREEEEEEE Ci starts to brake by the car,d.;, is not given by (2) anymore, but one has to
: : consider the way the collision has occurred. For example, if

; ; ,Ci » X vehicle crashes, its actual distance to stop is obviousiyteh
0 Xi-1i Xi-Vi0; Xi thand, ;, as illustrated in Fig. 5, and also different when both

vehicles are still in motion when the crash occurs.

Let us remark at this point that (2) implies that a com-
munication system is in place and all vehicles start to brake
when they receive the messagejependently of the behavior

matrix, since from each state it is only possible to move ®f the preceding vehicletherwise, drivers would start to
two of the other states. For the sake of clarity, a brief examgPrake only when they sensed the braking of its nearest fatwar
with 2 vehicles is illustrated in Fig. 3. neighbor as in a car-following approach [9], [10], so (2) Webu
Then, we need to compute the probabilities of going fro,p,eco_me a function of the parameters of the preceding vehicle
the initial state to each of theV + 1 final states inN thatis,ds; = f(Vi,Vi-1,ai,ai-1,6:,6;-1) and the problem
steps, which are given bP". Therefore, the final outcomeWould become more complex. o _
probabilities are the lasiV + 1 entries of the first row of the [N all the cases the probability of collision of vehiofg

Fig. 4. Parameters of the kinematic model used to computevehéicle
collision probabilities.

matrix PN . depends on the relationship between its distance to gtop,
Let II; be the probability of reaching the final outcomdh€ fotal distance traveled by the preceding vehitle,, and
with i collided vehicles, that is, staté; y_;. Then, I, = the initial inter-vehicle space;. That is, wheni, ; < l;_1+s;

Ithe vehicle is able to stop without colliding.
At this point we also assume another simplification: if two
vehicles collide we consider that they instantly stop at the

PN (1, WEUINE2) ) \We obtain the average of the tota
number of accidents in the chain using the weighted sum:

N point of collision. This way we keep on assuming a worst case
Nace = i ;. (1) evaluation. There are more realistic approaches, forricsta
=0 to take into account the conservation of the linear moments t

compute the displacement due to the crash [7].

As can be seen from the previous equation, the number of
collisions depends on the vector of velocitiés decelerations

Computing the collision probabilities is the main problem;, notification delay$;, and inter-vehicle distances, which
in our model. In this section we start from a deterministiwe refer to akinematic parameterdVhen all the parameters
kinematic model and compute the collision probabilitieewh are given, the model is completely deterministic. However,
different parameters of the kinematic model are considere@ are interested in a more realistic case involving random
variables. The results are validated by Monte-Carlo simulaariability of the parameters. To study the influence of the
tions. Hence, we start from a basic kinematic collision moddifferent parameters on collisions we introduce vari@pitin
provided by [15], that can be summarized as follows. different model parameters as follows: for all the cases we

Let /; represent thedotal distance traveledy vehicle C; consider thak; is an exponentially distributed random variable
since the emergency event occurs at time instagnt= 0 with parameter\. This parameter represents the density of
until the vehicle completely stops or collides wiffy_;. Let vehicles on the road, defined as the average number of
0; be the time lapse that goes between the detection of thehicles per meter. Let us remark thatcan adopt a different

IV. COMPUTATION OF THE VEHICLE COLLISION
PROBABILITIES
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‘2' Ii 5 ;‘ 3) The delays is the same for all drivers. It implies that
S PE— = all the drivers receive the warning message at the same
A, instant.
St SinceV;, ¢; anda; are constants, from (2) we obtain:
(a) VehicleC; is able to stop successfully, thépn= d ;. V2
. C e ¢ ds = 5+ V3. (3)

U0 e For1 <4 < N, the collision probability will be computed
«—i—>

4o as follows:
oo P(dy > 1
(b) Vehicle C; collides with C;_;. In this case, the actual distance pi=Plds 2 lioy +s:) =
covered byC; up to the collision is shorter thad, ; as given by (2). =P(li—1+s; <ds | li—1 <ds)P(l;—1 < ds) +
Now it is [; = s; +1;_1 and depends on the distance covered’hy ;.
+ P(li—1+si < ds | li—1 > ds)P(li—1 > ds), (4)

Fig. 5. The distancé; traveled by a vehicle when there is a collision (b) is
shorter than the distance needed by it to stop successa)llyly;. wherel; _; is a random variable that represents the distance

traveled by the preceding vehicle (assuming that 0, since
vehicleCy stops instantly at, = 0), andF' is the cumulative
distribution and the following model is still valid. The g distribution function of the exponential distributioaxp(\),
for this is that sinces; is the inter-vehicle spacingvhen with A the vehicle density (ineh/m).
the emergency event occurs, we can considémdependent  In this simple case, if vehicl€’;_; does not collide then
of the rest of parameters of the modelhich means that neither does vehicl€’;, because the velocity, the deceleration
the following equations would be essentially the same, band the reaction time are the same for both of them. Moreover,
substituting the exponential probability density funotiby if vehicle C;_; collides, it means that all of the preceding ve-
the corresponding new one. We have selected an exponeritiales have collided. From these observations we can cdaclu
distribution because it simplifies the computations andai hthatl; 1 = s; +s2 + ...+ 5,1 ~ Erlangi — 1, ), and
been shown that describes well inter-vehicle spacing whét{l;—1 +s; < ds | li-1 > d;) =0
traffic densities are small [14], whereas high traffic deesit Now, we need to computg; = P(l;—1 +s; < ds | l—1 <
show log-normal distributions [14]. ds)P(li—1 < ds).
Once we have described our collision model, we next derive The joint probability density function ok = I;,_; +s; and
a basic model for the vehicle collision probabilities in aii Y = {;—; is:

all the parameters are constant except for the inter-wehicl A2(\y)i-2e—He
distance. Then, we extend the model by considering variable glz,y) = — o for 0<y<ua. (5)
the rest of the kinematic parameters. This way we can evaluat (i —2)!
the effects of the different parameters on the vehicle giolt - . o L
model. So, the joint cumulative distribution function is:
2 i—2 —)\t

G(z,y) / / A /\S ds dt+ (6)

A. Basic model -2t
Our first step is to evaluate the basic model, considering / /y A(As)""2e M ds di —

all the parameters constant, except fgr which is assumed (i —2)!
exponentially distributed. If a vehicle is able to stop weitt (i, Ay) (Ay)i—t W _ A for 0 < g <
colliding and the kinematic parameters are constantitygwa — ~ (G _ 1)1 ' (7 — 1)! (e ),for0<y<u.

travels the same distana&,. But if there is a collision, a
vehicle only travels the initial inter-vehicle distancaiplthe
distance traveled by the preceding vehicle until it cohhdeV(
Therefore, we have to compute the collision probability-con

ditioned on the distance traveled by the previous vehicle. | |, — P(liy+s; <dg | li-1 <d)P(li_1 < d) =
the following subsections we first compute this probability G(ds, dy)

wherew is the incomplete gamma function, defined as
J"OI ta_l _tdt
F|naIIy, for1 < ¢ < N it holds:

exactly and then we provide an approximation that allowdust = W - Fy(ds) = G(ds, ds) =
simplify the computations when additional variable parsarse g i1 .
are considered in the model. _ 26, Ady) + (Ad) (e Ms — e=Ada) = (0 Ads) (7

(i—1)! (i—1)! (i—1)"

1) Case 1. Exact computation of collision probabilities
with constant kinematic parametertn this case we compute At this point, if the metric of interest is the average number
the collision probability exactly. For the sake of clarigir of accidents, the procedure to obtain it is: once we have
assumptions are summarized as follows: computed the collision probability for each vehicle, we éaw

1) All vehicles move at the same constant velodity construct the matri described on Section Ill. The next step

2) All vehicles begin to slow down at the same constaig to calculate the final outcome probabilitids;, and finally

deceleratioru. the average number of accidents can be obtained through (1).
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As can be seen, in this case it is relatively easy to compute
the collision probability conditioned on the distance &imad ool T Analysis Case 1
by the preceding vehiclé,_,. However, in the following cases ¢ —o— Analysis Case 2
it becomes increasingly difficult. Besides, it can be seet th e
the collision probability basically depends on the diffege ‘
ds . —l;—1 of any two cars being greater than the initial inter-
vehicle distances;. From this observation, and in order to
simplify the following computations, in the next section we
compute the collision probability using treveragedistance
traveled by the preceding vehicle and compare it with the
results of this subsection.

100

Average percentage of accidents [%]

~

St

10t e o LT,

2) Case 2. Approximate computation of collision proba- ‘ ‘ ‘ ‘ ‘ ‘

iliti H H H H 10 20 30 40 50 60 70
b|||t|§s W|th_ constant k|ne_mat|c parametersis d|scus_sed_ Average imter—vehisular distance ]
previously, in this subsection we compute an approximation
to the coII|S|on_probab|I|ty for the basic model,_where ‘_Ne usFig. 6. Average percentage of accidents versus averageveticle distance
the average distance traveled by the preceding vehicle, and ﬁ m for basic model, with exact solution (Case 1), approximate
compare it with the exact computation of Case 1. For the sa%é“tio? (Case 2) and Monte-Carlo simulation with a 99.5 %fictence

. . . intervals.

of clarity, our assumptions are summarized as follows:

1) All vehicles move at the same constant velodity
2) All vehicles begin to slow down at the same constagbpicle [16],V = 33 m/s andd = Ty ; + Tpy = 0.1+0.9 s.

deceleratioru at the same time (the deldyis the same |, this case,,; = 0.1 s is the maximum delay for warning

for all drivers). _ messages that vehicular communication standards spé@fy [
3) We use the average distance traveled by the precedWHereaSTH

. e o7 i = 0.9 s is an average driver reaction time [18].
vehicle to calculate the collision probabilities. Fig. 6 illustrates the curves for the exact and the approtéma

As in Case 1, the distance traveled by a vehicle until Basic models. In addition, a Monte-Carlo simulation of the
completely stops if it does not collide is given by (3). system has been also conducted in order to validate our model
For1 < i < N, vehicleC; will collide with C;_; if and All the Monte-Carlo simulations in this paper have been

only if the distance needed by; to stop is greater than theperformed with 10 replications per simulation point ancuttss
distance between them plus the average distance traveledaky shown with 99.5 % confidence intervals. As can be seen

Ci—1, li—1, so the collision probability of’; is: using the average distance traveled by the preceding eghicl
l;—1, computed in Case 2, provides an excellent approximation
pi= P(dy > T 1 +85) = F(ds —T7). ) to the exact collision probability, since the mean squarerer

between the results of both cases is less tha$%. Moreover,
simulation results confirm that the model is correct enough,
The average distance traveled by a vehidle,must be since the mean square error between the results of Case 2 and
computed recursively, starting frolg = 0. For1 < i < N, the Monte-Carlo simulation does not excexd.
the average distance traveled by vehi€lgis I; = ds(1 —
p;) + dc.ipi, Whered,. ; is the average distance traveled by the

vehicle in case of collision: B. Influence of variability on deceleration, velocity andino
1 pds—Tion R fication delay
dei = — li1 +x)he Mda = . . . . S
“piJo (it ) In this section the basic model is extended by considering

1 1. ., — notification delaysd;, velocities V; and decelerations; as
= — (T 4+ = = (ds + T)e Mdemlizn) 9) - :
p LT SN ‘ variables. In most of the cases, they should be considered
random variables with their appropriate probability dgnsi

Then, the equation fof; is: functions to model some particular effect. At this point, we
do not assume any particular probability distribution toern.
T — ds(1 —pi) +deipi, pi>0 (10) A discussion on this matter is provided later in Sect. IV-B1.
! ds, p; = 0. When deriving a model where all the involved parameters

vary simultaneously, several problems arise. Our apprbash

been to derive a first model considering constant decebarsti

a; = a, and then another one considering constant notification
3) Validation and discussionFig. 6 shows the results of delaysd; = 4. Later in this section this approach will be

computing the basic model described in the previous sextiodiscussed and justified in detail.

The number of vehicles in the chain i = 20, and the rest  Therefore let us first consider constant decelerations and

of the parameters have been fixedaat= 8 m/s?, which is variable velocities and notification delays. In this case t

the maximum deceleration of what is consider as a norndibtance needed to stop is not constant and equal for each

Now, like in Case 1, we have to construct the ma¥iand
calculate the average number of accidents through (1).
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vehicle anymore, but given by: it also difficult to describe the reasons why those eventpéap
and to distinguish the influence of the different parameters

VQ
ds; = == + V;é;.

(11) them. On the contrary, with our approach we can still obtain

) 2a o ~ solutions for most of the cases by computing the solutions

As in Case 1, forl < i < N the collision probability is of the model for a range of the constant parameter. That is,
given by . we can plot a family of curves for the above model varying
pi = F(ds; — lic1). (12) the deceleration and another family of curves for the next

Again, the average distance traveled and the collision-prd§@dél varying the notification delay as shown later in Sectio
abilities must be recursively computed. But in this caseateh V- Moreover, the first case with variable notification delay
collisions may occur in four different ways: (1) vehiclésand models a scenario where communications are in use but driver
C;_1 have not started to brake; (2) only one of them is brakina?‘ve control over brake and so a driver reaction time has

(3) both of them are braking; or (4) vehialé_; has stopped. meaning and must be _tf’;\ke_n into considerati_o_n. The second
Each one of these possibilities results in a different distato  C2S€ With constant notification delay exemplifies a scenario
Stop, de, i, de, i, de,.; andde, ;, that must be weighted by itswhere communications are in use and th_e car is automatically
probability of occurrence and added to get the averagertista Praked @s soon as a warning message is received.
traveled], as: _Therefore, in thg second §t_ep we con.S|dZeconst_ant. The
distance to stop without collision of vehic& now includes
a variablea; and becomes:

l; = ds_’i(l —pi) +deyiGer it des,ies,itdes,iles i + ey, iGey,is

V2
(13) ds; =+ Vié. (19)
where 2a;
1 supi Using the same arguments as above, the collision prohasbilit
dey i = —— / Vite, i(x)Ae ™ dx,  V;>Vi_1, (14) are given by (12).
Geri Jinfy In this case collisions may occur only according to three
1 sup2 e different ways: (1) vehicle”; and C;_; have not started
o /mf2 (Vieiteg,i(2) + ) Ae™ " da, to brake; (2) both of them are already braking; or (3) ve-
5i < 81, hicle C;_, has stopped, with their respective actual distances
deyi =19 1 psupe . (15) traveled d,, ;, d.,; andd., ;. Therefore, the average distance
o /mf2 Vite, i(z)Ae™ " du, traveled by vehicleC; is given by
(Si > (Si_l’ E - ds,i(l - pl) + dcl,iqcl,i + dcz,iQCg,i + dc:;.,iqc;g,’iv (20)
Ay s 1 / P3 (Vitc?,,i(fv) _a (fogsi — 5i)2) Ae N da, whereqc, i, qc,; andgq., ; are given by (18)d,, ; an_d deg i .
Qes,i Jingfs 2 have the same form of (14) and (17) respectively, with
(Vi = Vi_1) +a(d; — 6;—1) # 0,(16) slightly different integration limits and time functionshich
are derived in Appendix B, and,, ; is expressed by:
supy
deyi = — / (i1 + )™ da, (17) | peupe
Geyyi infa / (Vvitcmi(x)_
and Qesyi Jinfsy
a; Az
qe; i = P(inf; < s; < supj) = F(sup;) — F(inf;), (18) ) (teg,i@) — 6)2)/\6 A d,
forj=1,...,4. Vi> Vi, ain —ai =0,
The functionst,, ;(x), te,.:(x) andt., (z) represent the
time instants at which the collisions (1), (2) and (3) has ! /Suma(th (x)—
occurred, wherer is the distance betweefy; and C;_;. deyi = § esari Jinfaa e (22)
The derivation of these time functions as well as the above a; 21y e
equations (14), (15), (16) and (17) and the appropriateegalu —5 (Hei(@) = 0)7)Ae™ dat
for the integration limitsin f; and sup; for j = 1,...,4 are 1 supap
provided in Appendix A. A discussion about the circumstance + . / ' (Vit2e, i(w)—
that cause the different ways of colliding is offered these a qc_””z infa
well. ~ 242, () — ) da,
At this point we can justify our previous discussed ap- 2 i1 —a;i £0

proach: if all the parameters are assumed variable, the eumb
of possible ways in which collisions may occur increases Note that in all the cases the above equations provide
remarkably, and all of them have to be taken into account fadditional meaningful information since we have derived th
the computation of the average distance traveled by a \ehigirobability of the different ways in which vehicle collisie
asde, i, deyis des,i, @ndd., ; in (13). This fact makes the may occur ¢, ;) as well as the average distance traveled by
resulting equations cumbersome and hard to solve and mattesvehiclesd., ;). This information can be used, for instance,
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to design a measure about the severity of collisions thagress 100
different weights to every particular type of collisionnglly,

one may wonder whether it is possible to adopt a simpler
approximation, instead of the average distahce® compute
the probabilities, or whether there is significant differen
between thd;. Indeed, for vehicles located in the chain far
enough from the leading vehiclg, are closer to eq. (2), that
is, the influence of the outcome of the previous vehicle iskwea
and the outcome depends mainly on the particular valuesof th
parameters. However, for vehicles close to the leadingclehi w0l I == A
there is a strong dependence on the outcome of the previous ol T
vehicle and egs. (13) and (20) cannot be neglected.

90 K\ Analysis (constant a)
\ Simulation
8o ~ — Sim+95%Cl

70t < : 1
601 BN i
501 i 1
40t N i

30} [N =] L < 4

Average percentage of accidents [%)]

1‘0 2‘0 3‘0 _46 _ 5‘0 éO 70
1) Validation and discussionThe next stage would be Average inter-vehicular distance [m]
to assign the kinematic parameters and notification delays @) 5; ~U(0.5,1.5) s, V; = 33 m/s anda; = & m/s.

appropriate values that model realistic scenarios. As an ex

ample, in order to take into account an underlying commu- 100

nication model, the notification delay should be assumed to 90;\ Analysis (constanta) ||
be a random variable with an appropriate probability dgnsit g o\ o |
function. In this way, information packet collisions in aavéy £ ol SN , |
loaded shared communications channel can be modeled with  § AN T

an appropriate random variable for the access delay and % i N |
characterized also by, ; [11]. Furthermore, since vehicles g °0r N |
move at different speeds, the velocity should be assumed to § aor h T 1
be a random variable too. Let us note that, in most of the & 3of IR S

z

practical cases, inter-vehicle distances and velocigpsasent 1
the state of the system when the incident occurs, and so they 10} ]
should be considered random variables, though determining ol ‘ ‘ ‘ ‘ ‘

their distributions and ranges require a proper charaetton 10 %0 pverage mier—vehiosar distance [m] 7
of the scenario of interest. Accelerations and delays can
be controlled by different means after the incident, and so
depending on the application evaluated they can be comrsider
constant or assigned particular values. S :

However, with regard to the analysis, introducing addi- PR el
tional random variables makes it hard to obtain a closed- NS ~ " Simx95% 0 ]
form solution for the collision probabilities, even for the
simple case when parameters are assigned uniform digidbut

20

(b) 6; =1, V; ~U(30,36) m/s anda; = 8 m/s2.

100

70} \ . 4

60 NT 4

random variables, and the benefits are not clear. Therefore, s0f ENGF o 1
the solutions when a parameter is a random variable have w0l A TN R
been computed numerically. The parameters are supposed tc w0l ; B S

Average percentage of accidents [%)]

be uniform random variables and eq. (1) has been computed
100 times and averaged. In all the cases we assume a chain
of N = 20 vehicles.

A solution for the model with constant deceleration has been T 20 0 0 50 60 70
computed for three different scenarios. In the first aheis Average Inr-vemcular distance [l
assumed to be a uniform random variable ranging betWeen (c) 6; ~U(0.5,1.5) 5, V; ~ U(30,36) m/s anda; = 8 m/s2.
andl.5 s, whereas the velocity has been fixedat 33 m/s. o ) )

JR . Fig. 7. Validation of the model with constant deceleratidmotgh the

In the second scenarid; is assumed to be a uniform randony, 5, .ation of three different scenarios.
variable betweeB0 and36 m /s and the notification delay has
been fixed at = 1 s. In the last simulation, both the velocity
and the notification delay are assumed to be uniform randdm= 33 m/s. In the second oné; is assumed to be a uniform
variables ranging betweeh5 and1.5 s and betweer80 and random variable betwee30) and36 m /s and the deceleration
36 m/s, respectively. In all the simulations the deceleration isas been fixed at = 8 m/s2. In the last simulation, both
kept constant a§ m /s> the deceleration and the velocity are assumed to be uniform

The validation of the model with constant notification delayandom variables betweenand8 m/s* and betweers0 and
has been also done for three different scenarios. In theofiesst 36 m/s, respectively. In all the simulations the notification
decelerations; is assumed to be a uniform random variabldelay is kept constant 4t s.
betweent and8 m/s?, whereas the velocity has been fixed at Finally, in order to validate the results for our solutiotis

20t 3

10 1
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Fig. 8. Validation of the model with constant notificationlalethrough the
evaluation of three different scenarios.

compared with the aforementioned Monte-Carlo simulations
The standard deviation has been computed and shown as
errorbars. Dashed lines show &% confidence interval

of the corresponding simulation. In all the cases, the tesul
reasonably confirm the validity of our model, even using

as approximation, since the mean square error between the
results of the analysis and the simulation remains between
3.5% and 6% for all the cases.

V. APPLICATIONS AND DISCUSSION OF THE MODEL

Once our model has been validated in the previous sections,
we use it to evaluate the influence of the different pararseter
on the vehicle collision process. In this section we present
some results as an example of the utility of our model. The
metric used here is the average percentage of accidents in
the chain, but the model could also provide information @bou
the probability of collision or the average distance tradel
for the different manners a collision can occur. A systemati
evaluation of different scenarios as well as different mstis
left as future work. First, we focus on qualitative aspedts o
the influence of the parameters on the collision process that
our model can quickly reveal. Then, we discuss quantitative
aspects of the results provided in this section.

As for the qualitative evaluation, we first provide a set of
figures that show the influence of the different parameters.
Fig. 9 shows a family of curves for both instances of the
model over a range of their constant parameteqr §. As
can be seen in Fig. 9(a), the number of accidents is clearly
sensitive to the deceleration capabilities of the vehjcldsch
agrees with the results obtained in [2]. However, it does not
seem to be statistical difference for different notificatéelays
when the deceleration and velocities are variable. Thigltres
is also in accordance with [2], where it is shown that moderat
changes in the notification delay cause small variations in
accident severity. Later in this Section we discuss when the
delay actually has an important influence on the number of
accidents.

Fig. 10(a) shows the results when the velocities are ran-
domly distributed. In this case if either deceleration dtifiea-
tion delay are kept constant it causes a reduction of the Bumb
of accidents. In fact, in this case it is noticeable the pasit
effect of a communication system able to deliver warning
messages with short maximum delays and automatic vehicle
response. Fig. 10(b) shows similar results when decederéti
kept constant at = 6 m/s2. The results however reveal that in
general the variability of the kinetic parameters has a tiaga
impact on the number of accidents. If the system is able to
keep constant some of the parameters during the emergency
event, an improvement can be achieved. The benefits of a

corresponding Monte-Carlo simulations have been conduct®arning collision system are even clearer in Fig. 10(c). Whe

as well.

all the parameters remain constant, a shorter notificatienyd

Figures 7 and 8 show the results of this section. Laiways results in fewer vehicle accidents.
us remark that these pictures are provided to validate thatOverall, these results suggest that a cooperative warning
our model shows correctly the dynamics of the system. @ollision notification system combined with a vehicle cohtr
discussion on the influence of the parameters on the callisisystem able to smooth out the variations of speed and decel-
process is deferred to the next Section. The average nurhbee@tion of the platoon of vehicles may improve the driver and
accidents computed with our model for each of the six casep@assengers safety. In fact, more detailed conclusions ean b
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Fig. 9. Performance of the model with different constantetiations (a) 1 ——5=0.1s,V=36ms a=6m/s
and message reception delay (b). 80 ——5=0.001s, V=30 mis,a=6mis’

extracted. As we said in the introduction, our model is usefu
to provide general guidelines about the design and operatio
of a CCA application. For instance, a CCA application may
be based on a warning message delivered by an appropriate
Human Machine Interface (HMI) [19], a specific sound for
instance as in [20], or by a fully automated braking response

Average percentage of accidents [%]

[21], [22]. The latter is expected to provide better perfanoe, 20 40 Averagﬁfinter_vei?culardis}ggce me
but one may wonder if the former benefits from a communi-
cation system and for which range of parameters. Now, how (c) Performance of the model with fixed parameters.

can our moqel be app“e,d to obtain releva,m conclusmnstab%. 10. Evaluation of the impact of the parameters’ vatighon the number
these questions? First, it must be taken into account that #vehicle collisions.

a reactive CCA application, the only parameters in our model

that can be controlled are delays, with the communicatien sy

tem, and decelerations, with some automated control regpoa warning message, but the driver still keeps the control of
to the warning message. Let us recall that either the védscitbraking, a random reaction time should be added before the
of the vehicles and the inter-vehicle distance model th&e stdbrake. This case is provided by the curve with uniform delay
of the traffic when the incident occurs and so both of theagain in Fig. 10(c), assuming that the deceleration can pe ke
should be considered a random variable. Therefore, in thie beonstant, which is not quite realistic. It is more reasoeabl
case, the CCA is able to provide a constant and short detiwat every driver applies also a different decelerationictvh
and enforce an appropriate constant deceleration. Soutlie c is the case shown in Fig. 9(b). But, as shown, in this case
in Fig. 10(b), provides the results for this case. If there the actual delay is of little relevance. This has important
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100 about the colliding process and the mechanisms that CCA

ol e p———y applications should include, but we have to remark that a
—e— 50U518)s, a=4mis? precise definition of the scenarios of interest is still resegy,

il ——5=0001saz8ms’ |7 to set appropriate distributions and ranges for the parenset

705 1 which is left as future work.

6ol . Finally, as for the quantitative aspects of the resultspiére

o] ; i centage of accidents might seem higher than expected, above

10% in many cases, as well as the slow decay of it for high
inter-vehicular distances. This is first a consequence ef th
extreme case we are evaluating here, that is, the leadingeeh
stops completely and immediately. It makes the collision of
the first car of the platton almost unavoidable in most of the
‘ ‘ ‘ ‘ ‘ ‘ : cases. As a worst case approach, better outcomes are ekpecte
T perage imenvenicular disance [m] in reality. But also these results have to be interpretedh wit
care, since using average inter-vehicle distances mayttead
Fig. 11. Average percentage of accidents in a low speed soewdth misleading conclusions. As an example, with the parameters
Vi ~ U(10,16) m/s. used in Fig. 10(c)y = 36 m/s, a = 6 m/s? andé = 0.1,
the distance needed to stop is 111.6 m. For an exponentially
distributed inter-vehicle distance with mean= 60 m, the
implications in the design of the CCA. The usual approach ﬂﬁobability of s; being less than 100 m is 0.81, and even
to consider that the emergency messages must be sent asf&gt 3 means = 150 m, this probability is still 0.48. So
as possible [15], [23], but according to these results aérighpe probability of collision is higher than one may intuéiy
delay could be traded off for other features such as reii@bil think  specially for the first vehicles in the chain. Therefo
of warning message reception. For instance, adding a REqug§en at relatively high inter-vehicular distances, thdisiohs
To-Send/Clear-To-Send mechanism to avoid packet calisiogre mainly suffered by the first and second vehicle, which
due to hidden nodes [1]. Or more importantly, the CCAccounts for thel0% of accidents for our example with
application should provide an acceleration control medmn n — o vehicles.
so the margin in delay can be used to collect all the necessary
information from neighbor vehicles to perform such control
properly. This kind of insights on delay requirements ials VI. CONCLUSIONS

important for designing CCA applications based on predicti  |n this paper we propose and derive a stochastic model
trajectory conflicts, in order to determine the time horiZon for the probability of collisions in a chain of vehicles wier
trajectory estimation [3]. a warning collision system is in operation. The fact that a
However, if we consider a low speed and high density sc@arning notification system is used allows us to overcome the
nario, the delay has a remarkable influence. Fig. 11 shows #ifficulties for obtaining stochastic models for such veiéc
average percentage of accidents when velocities are umlifor scenarios, since we can assume that all the drivers/vshicle
distributed within 10 and 16 m/s. This scenario would mOdeéact to the Warning message independent]y, and therdfere t
a urban road, where speed is relatively low but the vehicigotion equations can be simplified. We also propose a good
density is high. And in this case, specially at short intermatching approximation to the exact model to further reduce
vehicle distances corresponding to urban roads, the irfiefhe required computations to calculate the vehicle coliisi
of delay is more noticeable, higher than that of decelematiqyrobabilities. In both cases, its validity has been confitrog
Therefore we can conclude that the use of an HMI messag@nte-Carlo simulations.
might not be sufficient to ensure safety and a special emphasiThe model is independent of the particular communication
should be placed on providing automatic deceleration Odmtrsystem employed as long as its operation can be abstracted
Moreover, in this scenario it is specially difficult for a com- gnd characterized by an appropriate message notification
nication system based on contention channel access (CSMfday including communication latency and driver reaction
to provide low delays, since the number of neighbors in rangges. Therefore, it also enables the performance evalati
is high, unless additional congestion control mechaniams s of gifferent technologies. Indeed, a future line of this kor
as transmit power control are applied. is to assess the performance of current VANET technology
In fact, some of these conclusions can be drawn by direcsed on contention (CSMA) MAC protocols for those cases
examining eq. (12), that is, for high speeds it is more imguutrt \yhere delay is actually relevant for the collision process
to have good deceleration capabilities rather than to gtess gytcome. Similarly, different probability distributiorfer the
brake quickly, and conversely for low speeds. The previoyger-vehicular spacing can be incorporated seamlestiytie
discussion is provided to show that the model has potentibdel, due to the fact that the distribution of the initiatein
to provide interesting qualitative and quantitative cais@ns yehicle spacing is independent of the actions that drivexsem
3 after receiving the warning messages. Here we have used an
Just for the sake of example, but let us remark that a log-abrm

distribution for inter-vehicle distances describes mareusately high density eXponem'al d'smbUt'Onv_Wh'Ch is considered approgritair
scenarios. low vehicle traffic densities. As a future work we plan to

Average percentage of accidents [%)]
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employ a log-normal distribution which describes well high « If V; — V;_; < 0, there is no solution (no collision can
vehicle traffic densities. Finally, we compute the probiabil occur). Let us define appropriate limits
that collisions occur in different forms (both vehicles in

motion, one stopped and one in motion, etc.), which opens a inf1 =0, (26)
promising way to define detailed accident severity funatjon supy = 0. (27)
that is, by assigning different grades of severity to each, ¢ V; —V,_1 > 0, then (23) holds if and only i < s; <
collision possibility. This is an interesting approachttise (Vi — Vi) - min{d;, 6,1 }. Let us define -
leave as future work as well.

Although we have shown some examples of the application inf1 =0, (28)
of the model, a quantitative evaluation requires a caredfit d supy = (V; — Vi_1) - min{d;, 6,1 }. (29)

nition of the scenarios of interest. Therefore, we leaveiagé i i , _
but imminent direction to pursue a systematic charactéoiza The same procedure is applied for the following cases:
and evaluation of different scenarios for a wider and mof€ computation of the actual distance traveled, in this cas
accurate extent of the model parameters. d = Vile,i(s:), Wherete, i(si) = f(si,a, Vi, Vie1,0i,0i-1),
which is multiplied by the exponential pdf and integrated

within the appropriate limits, which are also derived.
APPENDIXA. COMPUTATION OF THE DISTANCE TRAVELED

BY A VEHICLE FOR VARIABLE VELOCITY AND (2) Collision when only one vehicle is braking, ;). In
NOTIFICATION DELAY this case, the collision event depends on the relative icegact

Let us recall that when velocity and notification delay arémes of the drivers. That is, due to a high reaction time, one
not constant the collisions may occur in four different wayf the drivers starts to brake too late.
(1) vehiclesC; and C;_; have not started to brake; (2) only « If §; = d;_1, then we have to skip to cag8), later in
one of them is braking; (3) both of them are braking; or the text, and so let us define
(4) vehicleC;_, has stopped. Each one of these possibilities

results in a different distance to sta, ;, dc, s, dc,,; andde, ; infz = supi, (30)
respectively that must be weighted by the probability of the Supz = supa- (31)
event and added to get the averdgas in (13).

The computation of these distance is as follows: e If 6; < 6,1, then vehicleC; starts to brake befor€;_;

(1) Collision when the vehicles have not started to brake 90€s: .
(d., ;). This event may happen if the difference of initial ve- A time instantt., (s;) should exist so that

L : o . a
locities makes the vehicles crash before receiving the iwgrn Vitoyi(8i) — Stesi(si) — 00)% = Vioate, i(si) + s,
messagé. 2 (32)
A time instantt., ;(s;) should exist so that
evilsi) 0i <teyi(si) < dizq. (33)
Vite, i(8i) = Vicate, i(si) + sis (22)
0 <te,i(si) < min{d;, d;—1}. (23) Solving this equation, we obtain the following solutions:
Vi—Vi
Solving (22) we obtain tley.i(si) = a +0i—
S; 2
tey.i(8i) = ———r. 24 Vi—Via 25
er i) Vi—Via (24) _\/<% -‘r(sl) — 512 - 71’ (34)
Therefore, the distance to stop in this casé is V;t., i(s:), ViV
which is a function ofs; (exponentially distributed). Then, the t20,.4(ss) = ——L 4 6+
average distance is computed as follows: a >
Vi—=Vi_ 2s;
Y (i Sl SR ) Y )
p 1 /supl le /\ 7}\zd a a
;= - — A€ xZ.
T F(supy) — F(infy) iy Vi— Vi
) , (,2,5) The term in the square root is positive if and only if
Now, it remains to compute the rangesfwhere a collision (Vi = Vi_q)?
can happen, that is, the integration limits denotedrgs and si < 6i(Vi = Vie1) + S P
Sup1: It can be proved that (33) does not hold far, ;(s;), so
4Let us note that this case implies that the vehicles woultideokven if the only possible solution isl., ;(s;).
there is no obstacle ahead on the road or the rest of vehitlggichain are
not braking. For instance, a driver notices that his actpakd is higher than - If Vi = Viiy > a(é;—1 — d;), then (33) holds for
that of the preceding vehicle but does not reduce it and $etéi collide. One tle,.i(s;) if and only if
might think of a situation where bad weather conditionse kkvery thick fog, >
prevent the driver from noticing the risk. In a normal driyisituation this 5_(‘/__‘/_ 1) < g <6 1(V-—V- 1)_E(5__5_ 1)2
K3 3 11— — 1 = 11— K3 11— K3 11— .

case should be highly unlikely but it has to be consideredetoagconsistent
result. (36)



IEEE TRANSACTIONS ON INTELLIGENT TRANSPORTATION SYSTEMS/OL. X, NO. X, XX XX

Let us define

info =6;(Vi — Vic1), (37)
(V; = Vie1)?
2a ’

0ic1(Vi = Vi) — g(&' —8;-1)?}.(38)

supy = min{d;(V; — V;_1) +

- f0<V,—Vio1 <a(di—1
tl.,.:(s;) if and only if

—4;), then (33) holds for

U2
0i(Vi=Vic1) <5 <6(Vi=Vieq)+ w
“ (39
Let us define
infa = 0;(Vi — Vi_1), (40)
Vi —Vii1)?
supy = 6,V — Vi) + V= Vim gy

2a
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- f0<V;_1—-V; <a(d —d;i—1), then (45) holds for
t2.,.:(s;) if and only if
)2
Vi = Vi _ 5; <
2a - T
<6(Vi =Vicr) + g(@ —8;i-1)%. (51)

0ic1(Vi = Vi) —

Let us define

(Vie1 = V3)?
2a ’

supa = 6i(Vi = Viea) + 5 (6 = 6i-1)%

info=0i-1(Vi = Vic1) — (52)

(53)

— Otherwise, there is no solution, and so let us define

(54)
(55)

info = supi,

Supo = supi-

— Otherwise, there is no solution, and so let us define (3) Collision when both vehicles are braking.( ;). In this

info = supi, (42)
sups = supi. (43)
o If 6; > d;_1, then vehicleC;_, starts to brake befor€;

does.
A time instantt,, ;(s;) should exist so that

Viteyi(8i) = Vicate,,i(si) — E(tC2,i(Si) —0i—1)* + s,
2 (44)
0im1 < tey,i(si) < 6. (45)

Solving (44), we obtain the following solutions:

tle, i(s:) = % + 61—
_V(u n 5“)2 _52 4 25 (a6)
a a
120,.4(ss) = % + i1+
—i-\/(W + 51'—1)2 =07+ %' (47)

case, both vehicles are aware of the danger and have started t
brake but they are not able to avoid the collision, due torthei

initial speeds and reaction times, and they collide in mmotio
A time instant should exist so that

a
Vitesi(si) — §(fc3,i(8i) —5;)?

= Vietteya(si) = 5 (tep (i) = 6i1)” + 51, (56)

0i <tegi(si) < Vi + 4, (57)
a

Sic1 < tegi(si) < Ti1(limq), (58)

whereT;_1(l;—1) is the time needed by vehic,_; to travel
the distancéd;_, and it is calculated by the function:

(@) = Vi 48 —\/2(ds; — ), if x> Vi, 9)
Solving (56), we obtain
i+ 2(62 — 62
tCS_’i(S,L-) _ S; + 2( [ 7,—1) (60)

(Vi = Vic1) +a(d; — di—1)

In order to simplify the notation, we caltum = %(51.2 —
62.,) andden = (V; = Vi_1) + a(5; — i 1).

The term in the square root is positive if and only if ° If den = 0 there is no solution. Let us define

(Vic1 — Vi)?
2a '

It can be proved that (45) does not hold far, ;(s;), SO
the only possible solution 8., ;(s;).

8> 61 (Vi —Viq) —

- If V.1 = V; < 0, then (45) holds for2., ;(s;) if

and only if
0ic1(Vi=Vio1) <83 < 51'(‘/1'—‘/%—1)-%%(51'—51'—1)2-
(48)
Let us define
info=06,—1(Vi — Vic1), (49)
supe = 6;(V; = Vio1) + g(&' —8;-1)% (50)

(61)
(62)

inf3 = sups,

sups = sups.

e If den > 0, (57) and (58) hold if and only if
den - max{d;,0;—1} — num < s; <
< den - min {% + 4;, Ti_l(E)} — num. (63)
And so let us define
infs = den - max{d;, §;—1} — num, (64)
sup3 = den - min {% + 05, Tz_l(m)} — num(65)
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e If den < 0, (57) and (58) hold if and only if

V;
den - min{— + 05, Ti_l(li_l)} —num < s; <
a

< den - max{d;, d;—1} — num. (66)
Then, let us define
inf3 = den - min {E +6;, Ti—1 (H)} — num,(67)
a
(68)

sups = den - max{d;, 6;—1} — num.

(4) Collision when vehicleC;_; has stoppedd, ;). The
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(2) Collision when both vehicles are braking,( ;).
A time instantt,, ;(s;) should exist so that

Vitesi(50) = G (teai(s0) = 0)? =
= Victter(s0) = " teails) = 02 +55, (78)

‘/i _
— +6, Tim1(li-1)

a;

0 <te,i(si) < min{

} . (79)

In order to simplify the notation, we callmin
min {% 46, T,1 (1) p—0 = min { &, 711 (Gr) - 6.

e If a;_1 —a; = 0 solving (78), we obtain

8
preceding vehicle has been able to stop safely but a rear beg,i(si) = Vi—Viq (80)
collision still occurs. L ‘ h ! ' luti def
In this cases; should directly satisfys; < dy; —I;_;. We = It Vi—=Vi_; <0, there is no solution. Let us define
set infy = supi, (81)
infy = sups (69) sup2 = supi. (82)
supy = dgi — li—1. (70) — If V; = Vi1 > 0, (79) holds if and only if
0(Vi—=Vie1) <8, < (V; = Vi1) -min.  (83)
APPENDIX B. COMPUTATION OF THE DISTANCE TRAVELED And so let us define
BY A VEHICLE FOR VARIABLE VELOCITY AND infs = 0(Vi — Vi_1), (84)
oreELERAT N . supa = (V; = Vi) - min. (85)
Let us recall that when velocity and deceleration are not _ _ .
constant the collisions may occur in three different wayy: (¢ If @i-1 —a; # 0 solving (78), we obtain the following
vehiclesC; and C;_; have not started to brake; (2) both of solutions
them are already braking; or (3) vehidlg_; has stopped, _Vi—Vig
. . . . tlc2_i(8i) = — + 5—
with their respective actual distances to stgp;, d.,,; and ’ a; — a;—1
d., ;- These distances are computed using the same procedure ViV 2 9s(i
of Appendix A. _\/(;11 + 6) — 62+ i? (86)
Qi — Qi— Gi—1 — @;
(1) Collision when the vehicles have not started to brake ! '
(de, ;). This event may happen if the difference of initial ve- 2., :(s;) = Vi—Via Ny
locities makes the vehicles crash before receiving the ingrn T e —ai
message. T 2 .
A time instantt,, ;(s;) should exist so that +\/(M + 6) — 02+ 287(1) (87)
a; — ;-1 A;—1 — Q5
Vite,,i(si) = Vicite, i(s:) + 54, (71)
0 < teyifsi) < 6. (72) The term in the square root is positive if and only if
8 6(Vi = Vica) (V; = Vie1)?
Solving (71) we have (@i —ai) = (a1 —a;)  2(ai1—a;)?
i First we compute the limits fot;:
i— Vi1 If a;—1 —a; > 0, (79) does not hold forl,, ;(s;), and

Now, it remains to compute the integration limitsf; and
supz.
o If V; —V;_1 <0, there is no solution (no collision can
occur). Let us define appropriate limits
z'nfl = O, (74)
supy = 0. (75)
o If V;—V,_1 >0, then (72) holds if and only i) < s; <
0(V; = Vi_1). Let us define
Z"I’Lfl =0,
supy = 6(V; — Vi—1).

(76)
(77)

so let us define
(88)
(89)

infoa = sup,

SUP2q = SUpP1q.

If a;_1 —a; <0, then

— If Y222t < min, then (79) holds forl,, ;(s;) if
and only if
§(Vi = Viiy) < s; < 6(Vi — V; )—w
[ i—1) S S > [ i—1 2(6%'—1 — ai) .
90)
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Let us define

infaa = 8V — Vi), (61)
vy (= Vi)?
supaq = 0(V; — Vi_1) o —a) (92)
T L/v_a 71 > min, then (79) holds fOltlcz 1( 1) if
and onIy if
§(Vi—Vic1) < s < P8 min
+(Vi = Vi_1) -min+ 8(V; — Vi_q). (93)
Let us define
infga = 5(‘/1 - ‘/ifl)v (94)
sy vy WVimVie)?
supz, = min{d(V; — V1) 2(a;_1 —a;)’
a;—1 — a; min2 + (Vz _ 1/1.71) - min+
+0(V; = Vie1)}. (95)

It remains to compute the limits fae., ;(s;):
If % > min, (79) does not hold fot2., ;(s;), and

so let us define

(96)
(97)

in fop

Sup2p

SUP2q,
SUP2q.-

If %7}:11 < min, then

- Ifa;_1 —a; >0andV; —V;_1 > 0, then (79) holds
for 2., ;(s;) if and only if

a;

(Vi —Vi1) <5 < Gl 79 in? 4
+(Vi = Vie1) -min+6(V; — Vi_y). (98)
Let us define
infap =0(Vi — Vi—l)a (99)
a;—1 — . 92
Supap = 5 sman’+
+(V; = Vi_1)min + 6(V; — V;_1). (100)
—If a;_1 —a; >0andV; —V;_; < 0, then (79) holds
for t2.,.:(s;) if and only if
(Vi = Vi1)?
A VA W S St VA QP
0V, = Via) a1 —a) = 5; <
< ai—12— a; . min2 + (V; _ V;_l) - min4+
+0(Vi = Vica). (101)
Let us define
) (Vi = Viq)?
= 6(Vi = Vimy) — s———_ (102
info, =0(V; — Vi) o —a) (102)
ai—1 — a; .9
Supap = S man© 4+

2
+(V; = Viey)min + 6(V; — V;—_1). (103)
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—If a;_1 —a; <0 andV; —V;_; > 0, then (79) holds
for t2.,.(s;) if and only if

ai_l2_ % min? + (Vi = Vie1) - min+
+0(Vi = Vie1) <5 <6(Vi = Viq)—
(V; = Vie1)?
o —a)’ (104)
Let us define
infop = aHQ_ L min+
+(Vi = Viy)min + 6(V; — Vi_1), (105)
(V; = Vic1)?
= i —Vio1) — —. (106
supap = 0(V; = Vi_1) a1 —ap) (106)

— Otherwise, there is no solution, and so let us define

(107)
(108)

in fop

Sup2p

SUP2a,

SUP2q-

(3) Collision when vehicleC;_; has stoppedd, ;). The
preceding vehicle has been able to stop safely but a rear-end
collision occurs.

In this cases; should directly satisfy that; < d,; — lii1.

We set

infs = sups (109)
sups = dg; — li—1. (110)
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