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1attieh.shahvarpour@polymtl.ca
3christophe.caloz@polymtl.ca

∗Electrical Engineering Department, Universidad Politécnica de Cartagena
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Abstract— A broadband and low beam squint anisotropic
magneto-dielectric 2D leaky-wave antenna excited by a vertical
electric source is presented. A comparison of the TM𝑧 dis-
persion behavior of the structure for Drude/Lorentz dispersive
anisotropic and an isotropic non-dispersive grounded slabs is
performed. The isotropic slab is restricted to leaky-wave pointing
angles near endfire with very low radiation performance due
to the inherent endfire radiation null caused by the slab. As a
result, its radiation is dominated by the space-wave, which leads
to low directivity and beam scanning incapability. In contrast,
the anisotropic meta-substrate provides a highly directive and
efficient 2D leaky-wave radiation with great design flexibility.
At its lower frequencies, it provides narrow-band full-space
conical-beam scanning while at higher frequencies, it enables
a designable angle fixed-beam with low-beam squint radiation.
This antenna may find applications in broadband point-to-point
communication and radar systems.

I. INTRODUCTION

Leaky-wave antennas, which are characterized by high
directivity and frequency beam scanning capability, have found
wide applications in radar, point-to-point communications and
MIMO systems. 2D leaky-wave antennas excited in their
center feature a conical-beam radiation pattern as a result of
cylindrical wave propagation outward from the source along
the structure [1]. Several 2D leaky-wave antennas have been
reported in the past, including periodic partially reflective
screen [2], dielectric superstrate [3] and metamaterial [4]-[6]
structures.

In this paper, a 2D leaky-wave antenna constituted of a
uniaxially anisotropic meta-substrate excited by a vertical
electric point source is proposed and analyzed by the spectral
domain equivalent transmission line approach. The substrate
is assumed to exhibit a Drude dispersive permittivity along
the axis perpendicular to its plane and a Lorentz permeability
in the plane of the substrate. Such a substrate may be im-
plemented with a mushroom-type structure [5], [7] and [8],
where the Drude dispersive permittivity is provided by the
metal vias and the Lorentz dispersive permeability is provided
by the metal rings formed by adjacent vias in the plane of
the substrate. It is shown that this structure implements a
2D leaky-wave antenna which can support broadband, highly
directive and low beam squint leaky-wave radiation in the

right-handed (RH) region of the medium dispersion diagram,
in contrast to isotropic structures (conventional dielectric).

The paper first compares the TM dispersion properties of
the Drude/Lorentz dispersive anisotropic and isotropic non-
dispersive grounded slabs. A vertical point source for the
excitation of the TM leaky modes is then introduced and the
asymptotic far-field radiation patterns are computed from the
Green’s functions using the transmission line model of the
structure [9].

II. DEFINITION OF THE MEDIUM

The anisotropic meta-substrate is shown in Fig. 1 along with
the TM𝑧 field configuration. The medium is defined by the
permittivity and permeability tensors

¯̄𝜀 =

⎛
⎝𝜀𝜌 0 0

0 𝜀𝜌 0
0 0 𝜀𝑧

⎞
⎠ , ¯̄𝜇 =

⎛
⎝𝜇𝜌 0 0

0 𝜇𝜌 0
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⎞
⎠ . (1)

In typical meta-substrates such as the mushroom-type struc-
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Fig. 1: Effective uniaxial anisotropic medium characterized by the
permittivity and permeability tensors of Eq. (1), along with the TM𝑧

field configuration.

ture with the vias directed along 𝑧, the implants affect 𝜀𝑧
and 𝜇𝜌, while 𝜀𝜌 and 𝜇𝑧 remain the same as those of the
host medium (e.g. teflon) [8]. Typically, the host medium
and therefore 𝜀𝜌 and 𝜇𝑧 are non-dispersive, while 𝜀𝑧 and
𝜇𝜌 exhibit dispersive characteristics due to the implants. In
the frequency range where the vias of the mushroom-type
structure are electrically short or densely packed [10], the
effective permittivity term 𝜀𝑧 is modeled by the local Drude
dispersion expression [11]

𝜀𝑧
𝜀0

= 𝜀𝑟∞

[
1− 𝜔𝑝𝑒

2

𝜔2 − 𝑗𝜔𝜁𝑒

]
, (2)
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where 𝜀𝑟∞ and 𝜔𝑝𝑒 are the host medium permittivity, and
the electric plasma frequency, respectively, and 𝜁𝑒 is the
dissipation factor. The effective permeability 𝜇𝜌 which is
related to the rings between the adjacent vias is modeled by
the magnetic Lorentz dispersion relation [12]

𝜇𝜌

𝜇0
= 1− 𝐹𝜔2

𝜔2 − 𝜔𝑚0
2 − 𝑗𝜔𝜁𝑚

, (3)

where 𝐹 is a factor related to the geometry of the cur-
rent loops, 𝜔𝑚0 is the resonant frequency of these loops,
𝜔𝑝𝑚 = 𝜔𝑚0/

√
1− 𝐹 is the plasma frequency and 𝜁𝑚 is the

dissipation factor.

III. DISPERSION ANALYSIS

Fig. 2a shows the anisotropic meta-substrate of interest. The
TM𝑧 dispersion relation of the structure is derived by the
transverse resonance technique [13] using the meta-substrate
source-less transmission line model [14] shown in Fig. 2b as
follows [15]

𝑗𝑍𝑐 tan (𝛽𝑑) + 𝑍𝑐0 = 0, (4)

where 𝛽 = ±
√

𝜔2𝜇𝜌𝜀𝑧 − 𝑘𝜌
2
√

𝜀𝜌/𝜀𝑧 and 𝑍𝑐 =

±
√

𝜔2𝜇𝜌𝜀𝑧 − 𝑘𝜌
2/(𝜔𝜀𝜌)

√
𝜀𝜌/𝜀𝑧 are the TM𝑧 phase constant

along the 𝑧 axis and the characteristic impedance of the
line, respectively, and 𝑍𝑐0 = 𝑘𝑧0/𝜔𝜀0 is the TM𝑧 free-space
characteristic impedance, where 𝑘𝑧0 = Re(𝑘𝑧0) + 𝑗Im(𝑘𝑧0)
is the TM𝑧 free-space wave number along 𝑧. The dispersion
relation of Eq. (4) is transcendental. The 𝑘𝜌 dispersion curves
are obtained numerically by computing its roots versus fre-
quency. The permittivity and permeability dispersion curves
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Fig. 2: Uniaxially anisotropic grounded slab and its transmission line
model. (a) TM𝑧 waves incident onto the slab. (b) Transmission line
model (source-less case).

[Eqs. (2) and (3)] are plotted in Fig. 3 for the parameters
given in the caption of the figure. The value 𝜔𝑝 (𝑓 = 11
GHz) was chosen so that the leaky-wave cutoff frequency of
the anisotropic slab occurs at the same frequency as that for
the isotropic non-dispersive one. The TM𝑧 dispersion curves of
the anisotropic meta-substrate with the medium dispersion of
Fig. 3 are shown in Fig. 4, and are compared with the isotropic
non-dispersive slab. This figure shows that a sufficient uniaxial
anisotropy transforms surface modes into leaky modes over
a very broad bandwidth. The reason for this behavior is the
fact that the effective refractive index 𝑛𝑒 =

√
𝜀𝑧𝜇𝜌/

√
𝜀0𝜇0

remains always smaller than 1, due to the asymptotic behavior
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Fig. 3: Dispersive response for the permittivity 𝜀𝑧/𝜀0 (Drude model)
and permeability 𝜇𝜌/𝜇0 (Lorentz model) with 𝜔𝑝𝑒 = 𝜔𝑝𝑚. The
parameters are: 𝐹 = 0.56, 𝜔𝑚0 = 2𝜋 × 7.3 × 109 rad/s, 𝜔𝑝𝑚 =
𝜔𝑚0/

√
1− 𝐹 = 2𝜋 × 11× 109 rad/s, 𝜀𝑟∞ = 2, and 𝜁𝑒 = 𝜁𝑚 = 0.

The substrate thickness is 𝑑 = 3 mm.

0.11 0.2 0.4 0.6 0.8 1 1.2 1.4 1.5
0

0.25

0.5

0.75

1

1.25

1.5
11 20 40 60 80 100 120 140 150

−1.5

−1.25

−1

−0.75

−0.5

−0.25

0

R
e(
𝑘
𝜌
/𝑘

0
)

surface-wave region

leaky-wave region

isotropic

anisotropic-dispersive

Im
(𝑘

𝜌
/𝑘

0
)

𝑑/𝜆0

𝑓(GHz)

𝜀𝑧 = 𝜀𝜌 = 2𝜀0
𝜇𝜌 = 𝜇𝑧 = 𝜇0

𝜀𝑧 = (𝜀𝑟∞ − 𝜔𝑒𝑝
2/𝜔2)𝜀0 ,

𝜇𝜌 = [1− 𝐹𝜔2/(𝜔2 − 𝜔𝑚0
2)]𝜇0,

𝜀𝜌 = 2𝜀0, 𝜇𝑧 = 𝜇0

Fig. 4: Comparison of the dispersions of the first TM𝑧 leaky modes
for non-dispersive isotropic (𝜀𝑧 = 𝜀𝜌 = 2𝜀0, 𝜇𝜌 = 𝜇𝑧 = 𝜇0) and
dispersive anisotropic (𝜀𝑧 = 𝜀𝑟∞(1− 𝜔𝑒𝑝

2/𝜔2)𝜀0, 𝜀𝜌 = 2𝜀0, 𝜇𝜌 =
[1−𝐹𝜔2/(𝜔2 −𝜔𝑚0

2)]𝜇0, 𝜇𝑧 = 𝜇0). The non specified parameters
are the same as Fig. 3.

of 𝜇𝜌, 𝜇𝜌(𝜔 → ∞) = 1 − 𝐹 < 1 (for a relatively small
host medium permittivity 𝜀𝑟∞). Due to this behavior, the
propagation angle in the slab with respect to the normal to
the interface remains always smaller than the critical angle,
and therefore always leaks out. The dispersion-less response
achieved at high frequencies is due to the fact that as frequency
increases, the angle of propagation inside the substrate with
respect to the normal to the interface progressively increases
so that 𝑘𝜌 → 𝑘0.

IV. FAR-FIELD RADIATION ANALYSIS

A. Vertical Point Source Green’s Functions

For the excitation of the TM𝑧 modes a spectral domain
vertical point source J̃ = 1/(2𝜋)𝛿(𝑧 − 𝑧′)a𝑧 embedded in the
meta-substrate is used, as shown in Fig. 5a. The corresponding
equivalent transmission line model is shown in Fig. 5b, where
the vertical point source is modeled by the series voltage
source 𝑉𝑔 = ∣J̃∣ = 𝐽𝑧 [16]. Using Sommerfeld’s choice
for the potentials [9], the far fields can be determined by
the 𝐺̃𝑧𝑧

𝐴 component of the spectral-domain magnetic vector
potential Green’s function ¯̄𝐺𝐴. By substituting Eq. (1) into
the spectral-domain Maxwell’s equations with the source J̃
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Fig. 5: Uniaxially anisotropic grounded slab excited by an embedded
vertical point source. (a) Physical structure. (b) Transmission line
model.

and manipulating the resulting relations, from the equivalent
transmission line equations we obtain

𝐺̃𝑧𝑧
𝐴 =

−𝑗𝜇𝜌

𝜔𝜀𝑧
𝐼, (5)

where 𝐼 is the spectral domain current along the equivalent
transmission line. This expression can be easily reduced to
the Green’s function of an isotropic slab [16].

B. Asymptotic Far-Field Expressions

The far field radiation from a 𝑧-directed source in a layered
medium may be calculated by the corresponding Green’s
functions [𝐺̃𝑧𝑧

𝐴 (𝑘𝑥, 𝑘𝑦)] at the interface with air (at 𝐴𝐴′ in
Fig. 5b) as 𝑔𝑧𝑧𝐴 (𝑘𝑥, 𝑘𝑦, 𝑧) = 𝐺̃𝑧𝑧

𝐴 (𝑘𝑥, 𝑘𝑦, 𝑧 = 𝑑) exp (−𝑗𝑘𝑧0𝑧).
The double Fourier transformation relating the spectral to the
spatial domain Green’s function reduces then to the value of
the integrand at the saddle point [14], [17] and [18], resulting
in

𝑔𝑧𝑧𝐴 (𝑘𝑥, 𝑘𝑦, 𝑧) = 𝑗𝑘0 cos 𝜃𝐺̃
𝑧𝑧
𝐴 (𝑘𝑥, 𝑘𝑦)

exp(−𝑗𝑘0𝑟)

𝑟
. (6)

The electric field is then calculated from Eq. (6) as
E(𝑥, 𝑦, 𝑧) = −𝑗𝜔g𝐴(𝑥, 𝑦, 𝑧) ⋅ a𝑧 = −𝑗𝜔𝑔𝑧𝑧𝐴 (𝑥, 𝑦, 𝑧)a𝑧 [9].
Since 𝐸𝜃(𝑥, 𝑦, 𝑧)a𝜃 = −𝐸𝑧(𝑥, 𝑦, 𝑧) sin 𝜃a𝑧 , we finally obtain

𝐸𝜃(𝑥, 𝑦, 𝑧) =
−1

2
𝜔𝑘0 sin(2𝜃)𝐺̃

𝑧𝑧
𝐴 (𝑘𝑥, 𝑘𝑦)

exp(−𝑗𝑘0𝑟)

𝑟
. (7)

V. COMPARISON OF THE PERFORMANCE OF THE

ISOTROPIC AND DOUBLE ANISOTROPIC STRUCTURES

The isotropic grounded slab suffers of very low performance
as a 2D leaky-wave antenna for the following reasons. i) Its
leaky-wave pointing angle 𝜃𝑝 is limited to a narrow angular
range near endfire (68∘−90∘ in Fig. 6a), which is not desired
in planar antenna applications where radiation close to broad-
side is generally required (e.g. flush-mounted antennas with
obstacles in the plane of the antenna). This limitation is related,
via the scanning law 𝜃𝑝 ≃ sin−1(𝛽𝜌/𝑘0) [1], to the fact that
the phase constant 𝛽𝜌 cannot reach values significantly smaller
than 𝑘0 (Fig. 6a). ii) Because of the effect of the slab, the
far-field pattern has a null at endfire, as shown by the cos 𝜃
factor in Eq. (6). This null tries to annihilate the radiation of
the leaky wave, which as already mentioned, occurs only near
endfire. As a consequence the radiation is dominated by the
space wave, whose beam direction is related to the electrical
thickness of the substrate. Fig. 7 shows the radiation patterns
for the isotropic slab for various frequencies on the leaky-wave
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Fig. 6: Pointing angle of the leaky mode (𝜃𝑝 = sin−1(𝛽𝜌/𝑘0) [1])
and its variations over the frequency for the slab with the dispersion
curves of Fig. 4 and 𝑑 = 3 mm. (a) Isotropic slab with 𝜀𝑧 = 𝜀𝜌 =
2𝜀0, 𝜇𝜌 = 𝜇𝑧 = 𝜇0. (b) Anisotropic slab with 𝜀𝑧 = 𝜀𝑟∞(1 −
𝜔𝑝𝑒

2/𝜔2)𝜀0, 𝜀𝜌 = 2𝜀0, 𝜇𝜌 = [1−𝐹𝜔2/(𝜔2 − 𝜔𝑚0
2)]𝜇0, 𝜇𝑧 = 𝜇0.

(c) Comparison of the variations of the pointing angle with respect
to frequency for the isotropic and anisotropic substrates.

dispersion curve of Fig. 6a and at one non-physical frequency,
where the leaky wave cannot propagate (Fig. 4). Fig. 7 shows
that the angles of radiation at these frequencies point at around
𝜃 = 45∘, which does not correspond to the angles predicted
by the leaky-wave scanning law in Fig. 6a and are almost
close to the radiation at 27 GHz (no leaky-wave radiation).
Therefore, the radiation is not due to the leaky wave but to
the space wave which does not allow scanning and provides
little radiation directivity. iii) The radiation efficiency (both for
the leaky and space waves) is reduced by the propagation the
first surface mode (TM0) (Fig. 4), since it carries part of the
energy of the source in the slab.

In contrast, the double anisotropic meta-substrate exhibits
high leaky-wave antenna performance, for the following rea-
sons. i) The antenna is capable to radiate in a wide range of
beam pointing angles, from broadside almost to endfire (0∘

to 65∘, as shown in Fig. 6b). The reason for this behavior is
understood from Fig. 3, where 0 ≤ 𝜀𝑧𝜇𝜌/(𝜀0𝜇0) < 1, and
therefore 0 ≤ 𝛽𝜌/𝑘0 < 1. Fig. 8 shows the scanning behavior
of the leaky-wave antenna over the broad frequency range of
11 GHz to 100 GHz. Due to the vertical orientation of the
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Fig. 8: Scanning behavior of the double anisotropic antenna in a wide
band frequency range. The indicated frequencies are in GHz

point source excitation, there is always a null in the radiation
pattern in the broadside direction. ii) The radiation efficiency
of the meta-substrate leaky-wave antenna is much higher than
that for the isotropic structure, as no surface modes exist in
the leaky-mode frequency range (0 ≤ 𝜀𝑧𝜇𝜌/(𝜀0𝜇0) < 1),
as shown Fig. 4. Therefore no energy is stored inside the
dielectric through the surface modes. iii) The bandwidth of
the leaky mode is wider than that for the isotropic structure,
as shown in Fig. 4. In Fig. 3 lim

𝜔→∞ 𝜀𝑧𝜇𝜌/(𝜀0𝜇0) < 1 in the
right-handed frequency range which leads to a wide frequency
band of operation. The fundamental reason for this large
bandwidth is the asymptotic 𝜇𝜌 < 1 behavior of the Lorentz
permeability (Fig. 3), which makes the effective refractive
index 𝑛𝑒 =

√
𝜀𝑧𝜇𝜌/

√
𝜀0𝜇0 of the slab smaller than that

of air, 𝑛𝑒 < 1, (assuming a reasonably low 𝜀𝑧), in a wide
band frequency range in contrast to the case of the isotropic
slab (𝑛𝑒 > 1). iv) The beam squinting is extremely low as
a consequence of the previous point. Fig. 6c compares the
beam squinting 𝑑𝜃𝑝/𝑑𝑓 of the leaky mode for the isotropic and
double anisotropic structures. Close to the plasma frequency
(𝑓 = 11 GHz), the beam squinting of the isotropic and
the anisotropic structures are comparable. However, for the
anisotropic case, as frequency increases above the plasma
frequency, it quickly decreases; then reaches a value that is
always less than that of the isotropic slab and remains almost
constant up to high frequencies.

VI. CONCLUSIONS

A broadband and low beam squint anisotropic magneto-
dielectric 2D leaky-wave antenna excited by a vertical electric
source has been presented. A TM𝑧 dispersion analysis of the
structure has been performed for Drude/Lorentz dispersive
anisotropic and an isotropic non-dispersive grounded slabs.
The analysis of the isotropic slab has shown that the pointing
angle of the leaky-wave radiation is limited to the endfire

region which is suppressed by the inherent radiation null of
the slab at endfire. Therefore, the radiation is dominated by the
space-wave which has low directivity and is incapable of beam
scanning. In contrast, the anisotropic grounded slab provides
a highly directive 2D leaky-wave radiation with high design
flexibility. At its lower frequencies, it provides full-space
conical-beam scanning while at higher frequencies, it provides
fixed-beam, low-beam squint radiation (at a designable angle).
As a result, this antenna may be appropriate for wide-band
point-to-point communication and radar systems.
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