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Abstract—In this paper, we describe a very accurate and
computationally efficient computer-aided design (CAD) tool for
the analysis and design of a wide class of boxed microwave
circuits composed of arbitrary rectangular elements printed on
dielectric layers. The theoretical derivations are based on an
integral equation formulation, and call for the evaluation of the
boxed multilayer Green’s functions, thus leading to a tool that is
valid for an arbitrary number of circuits and dielectric layers.
In addition to theory, comparisons with measured results are
presented, and several practical filter structures are also investi-
gated, thus clearly demonstrating that the CAD tool developed
can indeed be used very effectively for the design of a large
variety of microwave circuits.

Index Terms—Broadside coupled, integral equation, microwave
filters, modal expansions, shielded printed circuits, transmission
zeros.

I. INTRODUCTION

T HE current industrial design of modern microwave cir-
cuits requires strongly reduced development times and

costs. As a result, the development of fast and efficient
software tools that can accurately predict the electrical behav-
ior of the components being investigated is of fundamental
importance.

In this context, the modeling of boxed printed circuits and
antennas has always attracted much attention (see, e.g., [1]
and [2]). Of particular interest are the results in [3], where the
effects of the lateral walls and of the top cover were studied.
The results obtained in [3] clearly indicate that, for practical
boxed circuits, the shielding effect can no longer be neglected.
The presence of a metallic enclosure, however, introduces a
discrete spectrum, and, as a consequence, the relevant physical
quantities are expressed in terms of infinite series that are very
slowly convergent.

To solve this problem, various accelerations techniques
have been reported (see, e.g., [4]–[6]). Among the various
techniques developed, of particular relevance is the work by
Eleftheriadeset al. [7], where the asymptotic part of the sums
was extracted and transformed into a form involving the fast
decaying modified Bessel function. In spite of all this effort,
however, computational time still remains the limiting factor
in the practical design of microwave circuits.
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To reduce the computational effort required for the analysis
of arbitrary boxed circuits, we propose in this paper to simplify
the basic geometry, so that closed-form analytical formulations
can be used, yielding far more accurate and efficient algo-
rithms. The basic structure discussed in this paper is the one
shown in Fig. 1, and is composed of an arbitrary number of
rectangular elements of zero thickness printed on an arbitrary
number of dielectric layers. The use of this basic geometry
allows for the definition of very efficient current expansion
functions on the metallic areas, which considerably accelerate
the convergence rate of the series involved and lead to very
efficient computer codes. It is important to note, however, that,
in spite of the restriction imposed on the geometry, a very wide
class of microwave circuits can still be analyzed.

The paper is organized as follows. In Section II, the basic
formulation is presented. Section IV is devoted to the valida-
tion of the theory through comparison between simulated and
measured results. Finally, in Section V, we describe how the
tool developed can indeed be used to study a large variety of
microwave structures of practical interest.

II. I NTEGRAL-EQUATION FORMULATION

The general multilayer boxed printed circuit under exam-
ination is shown in Fig. 1. The analysis is performed via
an integral-equation formulation. The formulation starts with
the imposition of the boundary conditions for the fields in
the structure. If we take arbitrary rectangular elements,
with induced electric currents (Fig. 2), the
suitable boundary condition is associated to the tangent electric
field on the surfaces of the metallic areas

(1)

where the surface impedance has been used to take into
account the finite conductivity of the metal and, for good
conductors, we have

(2)

Furthermore, in a practical circuit, there are always a number
of ports used to introduce an excitation and one or more ports
to extract power. As a consequence, an exciting (or impressed)
field needs to be defined on the lines acting as input
ports. Once the circuit is excited, the scattered field
will induce electric currents on all metallic areas. If we define
a subset () of the lines acting as ports, as shown in Fig. 2,
the boundary conditions in (1) splits into two categories, one



Fig. 1. General boxed multilayered microwave printed circuit composed of an arbitrary number of metallic lines analyzed in this paper.

Fig. 2. General boxed printed circuit showing printed lines attached to ports
and internal lines.

for the lines acting as ports and another for the other metallic
areas, namely,

(3a)

(3b)

Introducing the Green’s function formalism, the total scat-
tered field produced by the-induced currents in the structure
can be written by using the superposition principle as

(4)

and the dyadic electric-field Green’s function can be
expressed, in a boxed environment, with the following infinite
modal sum:

(5)

where are the orthonormal vector-mode functions used to
represent the fields inside a waveguide as derived in [8], and
the index covers all and modes of the box.

The voltage coefficient (depending on the
source–observer axial position) is computed using the
transverse equivalent network shown in Fig. 3, which
describes the longitudinal geometrical dependence of the
structure [9], [10]. The voltages at all dielectric interfaces
must be computed and, in Appendix I, an alternative
procedure based on network calculations is described. After
this calculation, (5) becomes the boxed Green’s function
including all layers.

An integral equation can now be formulated, including the
presence of all of the layers and metallic elements. To do so,
we simply enforce the boundary conditions for the transverse
electric field at all metallic surfaces by introducing (4) in (3),
so that

(6a)

(6b)

This system of integral equations can now be solved with
the method of moments (MoM). A key step in the solution



Fig. 3. Transverse transmission-line equivalent network representation for
the structure in Fig. 1.

procedure is the proper choice of basis and test functions.
A popular choice is to use the so-calledsubsectional rooftop
functions, both as basis and test functions (Galerkin proce-
dure). In this paper, we have instead used complete sets of
entire-domain vector functionssupported separately by each
metallic area. These vector functions are essentially TE and
TM vector-mode functionsdefined in each rectangular domain
subject to appropriate boundary conditions.

There are two main advantages in using these basis (and
test) functions in the MoM algorithm. First, the coefficient
matrix elements of the MoM system obtained from the inte-
gral equations converges faster than the one obtained using
subsectional rooftop functions. Second, the two-dimensional
dependence of the currents on the metallic areas is naturally
taken into account by the two-dimensional spatial dependence
of the entire-domain vector basis functions. To better illustrate
these points, we first show in Fig. 4 a typical relative error
convergence plot when subsectional rooftop functions are
used, as compared to what we obtain when the entire-domain
functions are used. In the subsectional case, three cells were
taken along the linewidth as required by the modeling of the
transverse variation of the currents. Moreover, in the entire-
domain case, the mode investigated is the mode of
the new modal expansion set derived in Appendix II-A. The
quantity plotted in Fig. 4 is the convergence relative error

obtained in the sum of (5), after performing integration with
the corresponding basis and test functions. From the relative
errors obtained, a significantly faster numerical convergence
is observable in the entire-domain case. In Fig. 5, we next
show the transverse dependence of the two components of
the current density induced on a printed line as obtained with
the approach used in this paper. As can be seen, the results
obtained show the singular behavior of the currents close to
parallel edges.

Using then the entire-domain approach, all of theun-
known currents induced on the metallic areas of the structure
will take the following form:

(7)

where, again, the index covers all and modes.
It is important to observe that different modal expansions

need to be used to represent the currents induced in different
type of metallic areas. For instance, in the case of the metallic
areas (orlines) connected to ports, the modal expansions need
to be modified to account for the presence of the exciting
electric field of (6a). Furthermore, for lines with one
side connected to the metallic box, the modal expansions
are different to allow proper boundary conditions for the
induced currents. The analytical expressions for all of the
modal expansions required are given in Appendix II.

The application of the Galerkin formulation of the MoM
to the system of integral equations shown in (6), with our
selection of basis and test functions, leads to the following
system of linear equations:

(8a)

(8b)

where the matrix coefficients are given by the following
integrals:

(9a)

(9b)

and the known term vector of the system has been defined as

(10)



(a) (b)

Fig. 4. Convergence relative errors obtained for the sum in (5) when modal expansions are used, and when rooftop functions are used as basis and test
functions in the MoM algorithm. (a) Printed line under test. (b) Relative error.

(a) (b)

Fig. 5. Transverse dependence of the two components of the current density induced on a printed line showing the singular behavior close to parallel
edges. Dimensions of the box:a = 25 mm, b = 25 mm. Substrate:�r = 2:33, h = 0:51 mm. Frequency 5.9 GHz. (a) Metallic line under test.
(b) Induced current density.

It is important to note that all of the above integrals can be
easily solved analytically. The final structure of the system of
linear equations to be inverted is shown in (11), at the bottom
of this page.

It is worthwhile to mention here that, with our approach, the
order of the linear system to be solved is , where is the
number of lines and is the number of modal functions inside
every line. Also, each matrix element calls for the evaluation
of a modal sum that is expected to converge reasonably fast

(Fig. 4). Finally, it is important to point out that the technique
is currently restricted to the analysis of nontouching metallic
rectangles.

III. EXCITATION AND PORT MODELING

One important aspect that deserves specific attention is the
adaptation of the delta-gap excitation model described in [11],
to the modal expansions used in this paper.

...

...

...
...

...
...

...
(11)



Fig. 6. Multiport network excited by a voltage generator at ports. All other
ports are loaded with the characteristic impedance of reference.

Let us, for instance, consider the multiport network shown
in Fig. 6. To extract the scattering parameters of this structure,
we can place the exciting generator at a generic port (), as
shown in Fig. 6, and load all other ports with the characteristic
impedance . Following the delta-gap model [11], a voltage

constant along the width of the line is assumed to be
applied to each port. This is equivalent to taking the following
dirac–delta expression for the exciting field of (3a) at
each port

(12)

where is the position of the th port, the unit vector
along the -axis of Fig. 6, and only -directed ports have
been included in (12) to simplify notation. Also, to simplify
notation, the pulse and delta functions along the- and -
directions, respectively, have been omitted, but it should be
understood that the voltage source is explicitly restricted to
the domain of the conductor, existing only along the width of
the line to which the generator is applied.

For all ports connected to the characteristic impedance,
the boundary condition imposed by the loads requires the
following redefinition of the exciting electric field:

for all

(13)

and is the current flowing at theth port, as shown in Fig. 6.
This current can be easily computed by integrating the current
density induced at the proper port position, namely,

(14)

where and are shown in Fig. 1.
Using the expansion of the current density in (7), the total

induced current at theth port is written as

(15)

where the following coefficients have been defined:

(16)

The coefficients defined above can be easily evaluated
analytically. The explicit expressions required for all cases are
given in Appendix III.

With the currents flowing at the ports expressed as in (15),
the final exciting field in (13) for the ports connected to the
loads can be written as

for all (17)

Once an expression is available for the exciting electric
field, we can compute the known term vectors of the MoM
system associated with the ports connected to the loads. If the
coefficients defined in (16) are used again, the integral in
(10) becomes

for all (18)

The last vector that needs to be computed is the one
associated with the port where the generator is placed. In this
case, we take the applied voltage as the exciting voltage.
Therefore, using (12) directly into (10), and using again the
coefficients defined in (16), one finally obtains

(19)

The known term vectors associated with the ports con-
nected to loads are expressed as a function of the unknown
coefficients . As a consequence, these terms are moved
to the right-hand side and are, therefore, absorbed in the
system matrix. The true known term vector of the system is
consequently composed only of the vector associated with the
port where the exciting generator is placed (19). After all the
required manipulations, the final MoM system becomes

(20)

where

...

...

(21a)

...

...

(21c)

(21b) is shown at the bottom of the following page, all
equations of the linear system have been divided by the



(a)

(b) (c)

Fig. 7. Measured versus simulated results for the coupled-line bandpass filter shown. Convergence with the number of basis functions is also included. (a)
Geometry of the filter. (b) Convergence study. (c) Measured versus simulated results. Solid line denotes measurements, while denote square points simulations.

exciting voltage , and denotes the transpose of the
corresponding vector.

The input impedance can now be defined as the ratio
between the applied voltage and induced current at the
point of excitation. Using (7) and (14) for the computation of

the current, and the definition in (16), the input admittance at
the excitation port simply becomes

(22)

...
...

...
...

...
...

(21b)



(a)

(b) (c)

Fig. 8. Measured versus simulated results for the coupled-line bandpass filter shown. Convergence with the number of basis functions is also included. (a)
Geometry of the filter. (b) Convergence study. (c) Measured versus simulated results. Solid line denotes measurements, while square points denote simulation.

The computation of the rest of the scattering matrix is
accomplished by first evaluating all of the transadmittances,
namely,

(23)

and then using standard network equations [12] so that

for all (24)

The solution process just outlined is repeated by placing the
exciting generator at all ports consecutively ( ), thus
evaluating all of the -parameters of the structure.

IV. RESULTS

To further increase the computational efficiency of the
theory described in this paper, the asymptotic term of the
kernel of the system of integral equations has been extracted
following a technique similar to the one described in [7].

To validate the computer-aided design (CAD) tool obtained,
the two bandpass filter examples reported in [13] have been
analyzed, and the results obtained have been compared with
measurements on actual hardware. Fig. 7 shows the results
obtained for a bandpass filter based on coupled lines sections.
As we see, the agreement between computed and measured
results is, in general, good. Also, Fig. 7(b) presents the results
when 20 and 30 modes are used in the analysis, indicating that
convergence is attained rapidly since only small variations in
the final results are observed.

Fig. 8 presents another bandpass filter in which the coupled-
line sections are connected via a small portion of microstrip
transmission line. As we see also in this case, the agreement
between computed and measured results is good. Again,
Fig. 8(b) presents the results when 20 and 30 modes are used in
the analysis, showing that convergence is also good since only
small changes in the final computed responses are obtained.

For these two examples, a total of 18 000 modes were
used in the summation of the frequency-independent part of



(a) (b)

Fig. 9. Response of the broadside-coupled filter after optimization. (a) Geometry of the filter. (b) Electrical response.

the kernel, while only 2000 modes were retained for the
frequency-dependent part. The corresponding central process-
ing unit (CPU) times on a HP712/80 workstation are 3 min
for the initial frequency-independent calculation followed by
6 s for each frequency point. This performance represents a
considerable reduction in computational time with respect to
the data reported in [7].

V. APPLICATIONS

The software tool described in this paper is computationally
very efficient so that it can be effectively used as an interactive
CAD tool for the design of complex multilayer circuits such
as microwave filters [14], [15]. As an application example, we
will now describe a number of practical filter structures that
have been optimized with the CAD tool developed.

A. Broadside-Coupled Filters

A common implementation of microwave filters in planar
technology is to use side-coupled transmission-line sections.
An alternative implementation is the broadside-coupled con-
figuration. Fig. 9 shows a broadside-coupled filter in which
all resonators are printed on different substrates and placed
one above the other. As we can observe from Fig. 9, the
broadside configuration is more compact, thus resulting in a
considerable reduction in the total size of the filter. In addition,
the coupling between resonators can be substantially increased,
thus avoiding the need for very narrow gaps between lines, as
usually required in wide-band side-coupled structure.

B. Implementing Transmission Zeros

It is well known that the implementation of transmission
zeros in the insertion loss response of microwave filters can
be obtained by introducing coupling between nonadjacent res-
onators (cross coupling) [16]. A very compact implementation
of transmission zeros in printed structures can be obtained if
the resonators of a microwave filter are printed on different
substrates. In this way, cross coupling between nonadjacent

resonators can be easily introduced in addition to the normal
signal path of the filter. In general, a coupling between
resonators 1 and 3 gives a single zero below or above
the passband, depending on the sign of the coupling. In
Fig. 10(a), we present a simple three-layered printed structure
that implements a single transmission zero above the passband
of the filter following the 1–3 cross-coupling concept. In
order to easily realize this structure, the substrates used to
print the resonators are separated by a foam of dielectric
constant close to unity ( ). This structure has been
manufactured and tested and, in Fig. 10(c), we present the
simulated versus measured results. As we can observe, the
agreement with simulated results is, in general, good, and the
position of the implemented transmission zero is close to the
expected computed location. Moreover, Fig. 10(b) presents the
simulated results when 20 and 30 modes are included in the
computations. Good numerical convergence is achieved, and
only minor differences in the final results are observed between
the two calculated responses.

Due to the high saturation level of the frequency-band
spectrum, there are many situations in which high selectivity
is required on both sides of the passband. The previous 1–3
cross-coupling configuration can also be used for this purpose,
together with an additional resonator acting as an “extracted
pole” [17] to introduce a transmission zero on the lower side of
the passband. Following this concept, a filter structure has been
optimized so that both transmission zeros are symmetrically
disposed around the useful passband. In Fig. 11, we present
both the final structure and simulated electrical response. It is
interesting to remark that a pair of transmission zeros can also
be implemented introducing a single cross coupling between
resonators 1 and 4 of a fourth-order configuration when the
cross coupling is of a sign opposite the main signal coupling.

VI. CONCLUSION

An accurate and efficient CAD tool for the analysis of
a wide class of multilayer boxed printed circuits has been



(a)

(b) (c)

Fig. 10. Filter with transmission zero above the passband due to cross coupling between first and third resonators. (a) Geometry of the filter. (b) Convergence
study. (c) Measured versus simulated results. Solid line denotes measurements, while square points denote simulations.

described in this paper. The tool is based on an integral-
equation formulation, which calls for the evaluation of the
multilayer space-domain boxed Green’s functions. The boxed
Green’s functions have been expressed in a very compact
form using a modal expansion notation. Transmission-line
concepts have also been used to account for an arbitrary
number of dielectric layers. Furthermore, the integral equation
is solved using special entire-domain basis and test vector
functions in order to enhance the computational efficiency.
Finally, the traditional delta-gap concept used to model the
excitation has been reformulated to account for the vector
expansions used.

In addition to theory, simulated and measured results for
practical microwave filters have also been compared, show-
ing that the CAD tool developed is indeed accurate and
efficient. The usefulness and versatility of the CAD tool

developed has also been illustrated by investigating several
practical filter structures including broadside-coupled filters,
and high-selectivity filters exhibiting transmission zeros near
their passband response.

APPENDIX I
VOLTAGE COMPUTATION

It is well known that the longitudinal dependence, along
the stratification axis, of a multilayered printed structure can
be reduced to the evaluation of the voltages and currents
on an equivalent transmission-line network [9], [10]. For the
general structure shown in Fig. 1, the voltage coefficients
of the Green’s functions in (5) can, therefore, be obtained
from the network of Fig. 3. The computations can be easily
performed by first replacing each transmission line section
of length by an equivalent two-port impedance network



(a) (b)

Fig. 11. Filter with transmission zeros on both sides of the useful passband. Transmission zero below the passband is due to an extracted pole implemented
by line L4. (a) Geometry of the filter. (b) Electrical response.

Fig. 12. Equivalent impedance network of a length of transmission line.

(Fig. 12)

(25a)

(25b)

where is the propagation constant of theth transmission
line and its characteristic impedance. By now performing
simple network operations, all of the electrical parameters
of the circuit in Fig. 3 can be computed with the following
iterative scheme.

First, compute the input impedance at the first interface

(26)

and then compute all other input impedances up to the position
of the generator

(27)

Next, compute the input impedance at the last interface

(28)

finally, evaluate all other input impedances below the generator

(29)

With the above expression, it is now easy to compute the
voltages and currents at the generator terminals, namely,

(30a)

(30b)

(30c)

so that all other voltages and currents above the generator
become

(31a)

(31b)

Finally, the voltages and currents in all interfaces below the
generator are also computed as

(32a)

(32b)

with denoting the order of the layer above the position of
the generator, as shown in Fig. 3.



APPENDIX II
VECTOR EXPANSION FUNCTIONS

The integral equation formulated in this paper is solved
using special vector expansion functions, which are suitable
to represent the currents induced on each metallic area. The
functions are different according to the characteristics of each
area of the circuit, so that the local boundary conditions for the
induced currents are respected. In this appendix, we give the
explicit expressions for all required functions. It is important to
notice that the vector modal functions derived next are used in
(7) to represent the unknown induced currents at all metallic
areas of the structure.

A. Internal Areas

Expansion functions, which are suitable for representing the
electric currents induced on a metallic area internal to the
boxed circuit of Fig. 1, can be easily obtained by considering
the modes of a waveguide bounded by four magnetic walls.
Using the notation introduced in [8] and using the duality
principle, we can directly write for a waveguide with magnetic
walls

(33a)

(33b)

where indicates or modes, and
are the dimensions of theth rectangular area, and and

are the offsets with respect the origin of coordinates as
sketched in Fig. 1. The normalization factors for both families
of modes are given by

(34a)

(34b)

where the constants and have been defined as [8]

if
if

(35)

B. Lines Attached to Wall

Similar to what was done in the previous section, we can
now treat the case of an area connected electrically to the
metallic wall of the box, as shown in Fig. 1. This
situation arises when modeling a resonator connected to the
box or when modeling input and output ports. In the case of
a port, the expansion functions need to be modified to allow
for the existence of an appropriate exciting electric field at
the port position. While, if a resonator is connected to the
wall, the expansion functions must satisfy the proper boundary
conditions for the induced currents.

It can be easily shown that a suitable expansion set is
generated by considering a waveguide with three magnetic
walls as before, and one electric wall for the side connected
to the box. The vector-mode functions can then be derived
from the following scalar potentials, which respect the proper
boundary conditions at the waveguide walls (electric and
magnetics):

n

(odd)

(36a)

(odd)

(36b)

Using the above potentials, the vector-mode functions become

(37a)

(37b)



and the normalization factors now take the following values:

(38a)

(odd)

(38b)

(odd)

where, again, , are the dimensions of theth rectan-
gular area and , are the offsets with respect to the
origin of coordinates, as shown in Fig. 1.

C. Lines Attached to Wall

Similar considerations apply for areas connected to the wall
at , as shown in Fig. 1. The potentials respecting the
proper boundary conditions take the form

(odd)

(39a)

(odd)

(39b)

Vector-mode functions are now derived from the above po-
tentials obtaining

(40a)

(40b)

The normalization factors finally take the form

(41a)

(odd)

(41b)

(odd)

D. Lines Attached to or Walls

Due to the separability of Maxwell’s equations in the
geometry of interest, lines attached to the walls
and of Fig. 1 can simply be treated by changing,
in the above expressions, all quantities related to the-axis
with the corresponding quantities related to the-axis. This
is also applicable to -directed ports or when a resonator
is electrically connected to other walls. For the sake of
completeness, we also list here the analytic expressions of
the modal expansions needed to characterize lines attached to
walls at and .

For a line attached to the wall of Fig. 1, we write
from (37) and (38),

(42a)

(42b)

(43a)

(odd)



(43b)

(odd)

Finally, for a line attached to the wall of Fig. 1, we
write instead from (40) and (41),

(44a)

(44b)

(45a)

(odd)

(45b)

(odd)

APPENDIX III
EXCITATION COEFFICIENTS

Using the modal expansions derived for the ports in Appen-
dix II, the coefficients , defined in (16) are needed to model
the excitation. For a port placed at of Fig. 1, we use
(37), and solve the integral in (16) to obtain

(46)

where is the width of the th line, as shown in Fig. 1, and
the normalization coefficients are defined in (38). In the
same way, for a port placed at , we use (40) to obtain

(47)

where the normalization coefficients are those of (41). In
addition, for -directed ports, we can simply replace in the
above relations the quantities associated to the-axis with the
corresponding quantities associated to the-axis. For a port
placed at , we, therefore, write

(48)

with the normalization coefficients in (43). Finally, for a port
placed at , one obtains

(49)

with the normalization coefficients given in (45).
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