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1 Introduction

A consistent and feasible quantum theory of the gravitational field is still lacking, but we know
of some crucial tests that such a candidate theory ought to pass. Mainly, it should account
for radiation phenomena, like black hole evaporation, and it should exhibit a critical behaviour
at short distances (Planck scale), where the intrinsic structure of space-time and the physics
we know should radically change. Actually, both the Bekenstein-Hawking formula for black
hole entropy S = ]ZBT% —and temperature (f)— and Planck length X = \/hG/c® provide a
remarkable mixture of: quantum mechanics (Planck’s constant k), gravity (Newton’s constant
@), relativity (velocity of light ¢), thermodynamics (Boltzmann’s constant kp), and geometry
(the horizon area X).

A statistical mechanical explanation of black hole thermodynamics in terms of counting of
microscopic states has been recently given in [[l]. According to this reference, there is strong
evidence that conformal field theories provide a universal (independent of details of the partic-
ular quantum gravity model) description of low-energy black hole entropy, which is only fixed
by symmetry arguments. The Virasoro algebra turns out to be the relevant subalgebra of sur-
face deformations of the horizon of an arbitrary black hole and constitutes the general gauge
(diffeomorphism) principle that governs the density of states.

Although surface deformations appear as a constraint algebra, under which one might expect
all the physical states on the horizon to be singlets, quantum anomalies and boundary conditions
introduce central charges and change this picture, thus causing gauge/diffeomorphism modes to
become physical along the horizon f] In this way, the calculation of thermodynamical quantities,
linked to the statistical mechanical problem of counting microscopic states, is reduced to the
study of the representation theory and central charges of a relevant symmetry algebra.

Unruh effect [{] (vacuum radiation in uniformly accelerated frames) is another interesting
physical phenomenon linked to the previous one. A statistical mechanical description (from
first principles) of it has also been given in [f] (see also Section below) and related to the
dynamical breakdown of part of the conformal symmetry: the special conformal transformations
(usually interpreted as transitions to a uniformly relativistic accelerated frame), in the context
of conformally invariant quantum field theory. The Unruh effect can be considered as a “first
order effect” that gravity has on quantum field theory, in the sense that transitions to uniformly
accelerated frames are just enough to account for it. To account for higher-order effects one
should consider more general diffeomorphism algebras, but the infinite-dimensional character of
conformal symmetry seems to be an exclusive patrimony of two-dimensional physics, where the
Virasoro algebra provides the main gauge guide principle. This statement is not rigorously true,
and the present article is intended to provide higher-dimensional analogies of the infinite two-
dimensional conformal symmetry, which could be useful as potential gauge guiding principles
towards the formulation of gravity models in realistic dimensions.

Actually, the so called w-algebras constitute a generalization of the Virasoro symmetry, and
two-dimensional w-gravity models, generalizing Polyakov’s induced gravity, have been formu-
lated (see next Section). They turn out to be constrained Wess-Zumino-Witten models. The

*This seems to be an important and general feature of quantum gauge theories as opposite to their classical
counterparts. For example, see Refs. [H, E, E] for a cohomological (Higgs-less) generation of mass in Yang-
Mills theories through non-trivial representations of the gauge group; in this proposal, gauge modes become also
physical and the corresponding extra field degrees of freedom are transferred to the vector potentials (longitudinal
components) to form massive vector bosons.



algebras w have also a space origin as (area preserving) diffeomorphisms and Poisson algebras of
functions on symplectic manifolds (e.g. cylinder). There is a group-theoretic structure underly-
ing their quantum (Moyal [[]) deformations (collectively denoted by W), according to which W
algebras are just particular members of a one-parameter family £,(sl(2,R)) —in the notation
of the present paper— of non-isomorphic infinite-dimensional Lie-algebras of SL(2,R) tensor
operators (see later). The connection with the theory of higher-spin gauge fields in (1+1)- and
(2+1)-dimensional anti-de Sitter space AdS [§] —homogeneous spaces of SO(1,2) ~ SL(2,R)
and SO(2,2) ~ SL(2,R) x SL(2,R), respectively— is then apparent in this group-theoretical
context. The AdS spaces are arousing an increasing interest as asymptotic background spaces in
(super)gravity theories, essentially sparked off by Maldacena’s conjecture [, which establishes
a correspondence of holographic type between field theories on AdS and conformal field theories
on the boundary (locally Minkowski). The AdS space plays also an important role in the above
mentioned attempts to understand the microscopic source of black hole entropy.

This scenario constitutes a suitable approach for our purposes. Indeed, the (3+1)-dimensional
generalization of the previous constructions is just straight-forward when considering the infinite-
dimensional Lie algebras Lz(s0(4,2)) of SO(4,2)-tensor operators (where /' is now a three-
dimensional vector). They can be regarded as infinite enlargements of the (finite) conformal
symmetry SO(4,2) in 341 dimensions which incorporate the subalgebra diff(4) of diffeomor-
phisms [the higher-dimensional analogue of the Virasoro algebra diff(S*)] of the four-dimensional
space-time manifold (locally Minkowski), in addition to interacting fields with all SO(4, 2)-spins.
This fact makes £;(s0(4,2)) a potential gauge guide and a main ingredient towards the formu-
lation of higher-dimensional (Wess-Zumino-Witten-like) gravity models.

The classification and labelling of tensor operators of Lie groups other than SL(2,R) and
SU(2) is not an easy task in general. In Refs. [E, @], the author provides a quite appropriated
basis of tensor operators for Lz(u(Ny,N_)),p = (p1,...,pn), N = Ny + N_, and calculates
the structure constants for the particular case of the boson realization of quantum associative
operator algebras on algebraic (Kéhler) manifolds F vyn. =U (N,,N_)/U(1)N, also called flag
manifolds (see Refs. [I3, for a formal definition of flag manifolds). We are just interested in
the particular case of U(2,2) ~ (SO(4,2) x U(1))/Z4. Tensor labelling coincides here with the
standard pattern for wave-functions in the carrier space of unirreps of U () (see later).

In this article we look at this abstract, purely algebraic, construction from a more physical,
field-theoretic, point of view. In particular, we shall show how to recover L;(G) from quantum
field theory on homogeneous spaces M = G/ P, formulated as a second quantization on the group
G. The particular cases of G = SO(1,2) ~ SU(1,1) and G = SO(4,2) ~ SU(2,2) will give
us the (generalized) w-structures as algebras of higher-conformal-spin quantum fields on anti-de
Sitter spaces. One can interpret £;(G) as the quantum analogue of the Poisson and symplectic
(volume-preserving) diffeomorphism algebras, C°°(F') and sdiff (F'), of functions 1 (higher-G-
spin fields) on coadjoint orbits F' of G, with a given associative and non-commutative *-product.
The Planck length A enters here as a deformation parameter and it could be basically interpreted
as an upper-resolution bound to any position measurement in any quantum gravity model.
The ideas of Non-Commutative Geometry (NCG) apply perfectly in this picture, providing
“granular” descriptions of the underlying ‘quantum’ space: the non-commutative analogue of
M (see [[4] for similar concepts). The classical (commutative) case is recovered in the limit
A — 0 (large scales) and p — oo (high density of points), so that ‘volume elements’ remain



finite. In this limit, the classical geometry is recovered as:

lim L£,(G) ~ C™(F) C sdiff (F), (1)
A—0,p—00
where F' is the (generalized) phase-space associated with the space-time M. We shall discuss
later all these structures in more detail.

The organization of the paper is as follows. The next Section is devoted to a brief excur-
sion through w algebras, their quantum deformations W and their underlying group-theoretic
nature. Moyal *-products are discussed in Sec. P.J, in connection with the particular case
of the non-commutative torus. In Sec. [J, a general approach to the quantization of fields in
homogeneous spaces M = G/P from a second quantization on a group G is exposed. The
simple cases of de Sitter dSy ~ SO(2,1)/SO(1,1) and anti-de Sitter AdSs ~ SO(1,2)/S0(1,1)
spaces in 1+1 dimensions are explicitly laid out in Sec. B.J, leaving the (4+1)-dimensional case
AdSs; ~ S0O(4,2)/5S0(4,1) as an Appendix, where the unitary irreducible representations of
U(2,2) are explicitly given in terms of holomorphic wave functions on flag (Kéhler) manifolds
Fyo = U(2,2)/U(1)*. The interesting physical effects of vacuum radiation phenomena are dis-
cussed in Sec. in the context of a quantum field theory on AdSs, representing the left-(or
right-)moving sector of a conformal field theory in 141 dimensions; the spectrum of outgoing
particles is exactly calculated and is proven to be a generalization of the black body (Planck-
ian) spectrum, this recovered as a given limit. The embedding of quantum field operators
and space-time symmetries in a larger structure (higher-dimensional W/ algebras) containing
the difeomorphisms of the space-time manifold (higher-dimensional analogue of the Virasoro
algebra) and all fields with arbitrary (generalized) spin is given in Sec. f]. A geometrical inter-
pretation in terms of Poisson (and symplectic diffeomorphism) algebras C'°°(F) of functions v
on algebraic manifolds F' (coadjoint orbits) of a group G' and its quantum deformations £;(G)
is also discussed. These quantum deformations can be seen as non-commutative C*-algebras
with an associative and non-commutative x-product. This prepares us to define what we mean
by quantum (non-commutative) AdS space in this context. The last Section is devoted to
conclusions and outlook.

2 W algebras and 2D quantum space

In the last decade, a large body of literature has been devoted to the study of the so-called W-
algebras. These algebras were first introduced as higher-spin extensions of the Virasoro algebra
(5 through the operator product expansion of the stress-energy tensor and primary fields in
two-dimensional conformal field theory. W-algebras have been widely used in two-dimensional
physics, mainly in condensed matter (quantum Hall effect), integrable models (Kurteweg-de
Vries, Toda), phase transitions in two dimensions, stringy black holes and, at a more fundamental
level, as the underlying gauge symmetry of two-dimensional gravity models generalizing the
Virasoro gauged symmetry in the light-cone discovered by Polyakov [[[d, [7] by adding spin > 2
currents (see e.g. [I§] and [[9, P for a review).

Only when all (infinite) conformal spins s > 2 are considered, the algebra (denoted by wu)
is proven to be of Lie type; moreover, currents of spin s = 1 can also be included, thus leading
to the Lie algebra w4, which plays a determinant role in the classification of all universality
classes of incompressible quantum fluids and the identification of the quantum numbers of the
excitations in the quantum Hall effect [R1].



As already said, the algebras w prove to have a space-time origin as (symplectic) diffeomor-
physms algebras and Poisson algebras of functions 4 on symplectic manifolds. For example,
W1i+oo 18 related to the algebra of diffeomorphisms of the cylinder. In fact, let us choose the

next set of classical functions of the bosonic (harmonic oscillator) variables a = %(q +ip), a =

%(q —1ip) (we are using mass and frequency m = 1 = w, for simplicity):

1 1
Liy = 5o aa) " L7 = Sa® (aa)” I, (2)

In| =
where n,m € Z/2;1,J € Z*/2. A straightforward calculation from the basic Poisson bracket
{a,a} =i provides the following formal Poisson algebra:
{Lm, Ly} = —i[Jm — In]Ly7o0 (3)
of functions L on a two-dimensional phase space (see 29, P3]). The (conformal-spin-2) generators
L, = L} close the Virasoro algebra without central extension,

{Lmy Ln} = Z(Tl - m)Lm-i-m (4)

and the (conformal-spin-1) generators ¢,, = LY close the non-extended Abelian Kac-Moody
algebra of “string-modes”,

{¢m7 ¢n} = 0. (5)

In general, the higher-spin fields L! have conformal-spin s = I + 1 and conformal-dimension n
(the eigenvalue of L}).

Induced actions for these “w-gravities” have been written (see for example [[L§]), which turn
out to be constrained Wess-Zumino-Witten models [24], as happens with standard induced
gravity. The quantization procedure deforms the classical algebra w to the quantum algebra
W due to the presence of anomalies —deformations of Moyal type of Poisson and symplectic-
diffeomorphism algebras caused essentially by normal order ambiguities (see Sec. PR.I). Also,
generalizing the SL(2,R) Kac-Moody hidden symmetry of Polyakov’s induced gravity, there are
SL(c0,R) and GL(o0,R) Kac-Moody hidden symmetries for Ws, and Wi gravities, respec-
tively [R5

The group-theoretic structure underlying these W algebras was elucidated in [Rf], where
Wao and Wi, appeared to be distinct members (p = 0 and p = —1/4 cases, respectively) of
a one-parameter family £,(sl(2,R)) of non-isomorphic [27] infinite-dimensional Lie-algebras of
SL(2,R) ~ SU(1,1)/Zy tensor operators

LL o~ [LF, [LF,... [ﬁqc, (ﬁi)f} H = (ad; )" I(L2), (6)

I—|m| times

where the su(1, 1) Lie-algebra generators L, Ly fulfill the standard commutation relations
[zi,ﬁo} — +hiy, [L,ﬁ_] — 9kl (7)

In more formal language, £,(su(1,1)) is the factor algebra £,(su(1,1)) = U(su(1,1))/Z, of the

universal enveloping algebra U(su(1,1)) by the ideal 7, = (C' — R?p)U (su(1,1)) generated by
the Casimir operator C' = (Lg)? — (L4 L_+L_L.) of su(1,1) (p denotes an arbitrary complex
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number). This simply means that we substitute the Casimir operator C by the constant h?p
whenever it appears in the commutator (structure constants). The structure constants for
L,(su(2)) and L£,(su(1,1)) are well known for the Racah-Wigner basis of tensor operators [g],
and they can be written in terms of Clebsch-Gordan and (generalized) 6j-symbols [29, 6, Bq].
Another interesting feature of £,(su(2)) —or its non-compact version SU(1,1)— is that, when
p coincides with the eigenvalue of C' in an irrep D; of SU(2), that is p = j(j + 1), there exists
and ideal x in £,(su(2)) such that the quotient £,(su(2))/x ~ sl(2j +1,C) or su(2j +1) —by
taking a compact real form of the complex Lie algebra [B]]. That is, for p = j(j +1) the infinite-
dimensional algebra £, (su(2)) collapses to a finite-dimensional one (a matrix algebra). This fact
was used in [R9] to approximate limph:og L,(su(2)) ~ sdiff (S?) by su(N)|y—o (“large number

of colors”) in the relativistic spherical membrane. A physical interpretation of this “collapse
phenomenon” could be given in the context of Non-Commutative Geometry, which provides a
finite, “fuzzy or cellular” description of the (non-commutative) space [[[4, BJ]. A simple example
will be discussed in Section R.J] in connection with the non-commutative torus.

Noncommutative geometry is said to be a ‘pointless’ geometry, where the notion of a pure
state ¢ (more precisely, its ‘covariant symbol’ 1[1) on the manifold M = G/P replaces that of
a point. In this sense, the parameter p above could be conceived as a ‘density of (quantum)
points’ (e.g., the dimension of the corresponding representation). Actually, just as the standard
differential geometry of M = S? can be described by using the (commutative) algebra C°°(M)
of smooth complex functions ¢ on M (spherical harmonics), a noncommutative geometry for M
can take £,(G) (seen as an associative algebra with a noncommutative x-product) as the starting
point. For the critical values p = d (the dimension of an irrep of G = SU(2)), the ‘quantum
sphere’ has a finite number of quantum points per unit volume, as the infinite-dimensional
algebra L£,(G) collapses to a (finite) complex matrix algebra. The classical geometry on M
is then recovered in the particular limit ([J) —i.e. high density of quantum points and small
quantum cells: the Planck area A>— upon which, the commutator [-, -] becomes the usual Poisson
bracket {-,-} on the sphere. It is worth-mentioning that the whole idea was noticed long time
ago by Dirac [BJ], who realized the possibility of describing phase-space physics in terms of
the quantum analogue of the algebra of functions (the covariant symbols) and the absence of
localization expressed by the Heisenberg uncertainty principle. As happens in phase-space, the
fundamental scale (Planck length) A should establish an upper-resolution bound to any position
measurement in any quantum gravity model.

Let us illustrate briefly this “collapse” phenomenon with the simple example of the W algebra
L,(su(1,1)) in connection with the quantum AdS, space-time and the non-commutative torus.

2.1 Noncommutative Torus

Let us consider the following new set of classical functions of the bosonic variables a(a) =
21
F(x1 £ixo):

o [ I+l R
e 7 (1 +ing) ™ (ng — ing) I
e 2(— L 8
‘ ;; oI + )l 21T — )1 ®)

Lz

obtained from (B)), where # = (x1,x2) is a pair of real coordinates (modulo ¢) and 7 = (n1,n2)
is a pair of integer numbers. We identify (§) with the set C°°(T?) of smooth functions on a
two-dimensional torus, which is embedded in the set of functions (@) on a cylinder [note that



the lower-index [ of L! in (f) is restricted by 0 < I < I, whereas it can take any (half-)integer
value in (f)]. We shall restrict ourselves to this subset of the whole w-algebra (f) where the
above-mentioned “collapse” phenomenon will be more apparent.

The ordinary product of functions Ly;-Lji = Ly defines C°°(T?) as a commutative algebra.
We can assign a (Hamiltonian) vector field Hz = {L;,-}p to any function L, where:

OLj 0Lz 4772 .

1 —_
{LmaL }P =P (LmaL ) T]k ax] axk 72 n

X TﬁLﬁl-ﬁ-ﬁ ) (9)

. 1. .
denotes the Poisson bracket and Yoo = < 0 > is the symplectic form on the torus. The

-1 0
vector fields H; constitute a base of symplectic diffeomorphisms sdiff(7?), that is, they preserve
the area element dzq A dxo of the torus.

The quantum analogue of C°°(T?) can be captured from a classical construction by extending
the Poisson bracket (f]) to its deformed version: the Moyal bracket,

[e'¢) 9 )\2 2r+1
_ R LT Lo I A 2r+1 . R
where
)\2 9 X2 L
Ly x Ly = exp(5—P)(Lin, L) = SR (11)

is an invariant, associative and noncommutative x-product, and by P" we mean

0"L or

P(L, L’ ;
(L, L) rke dxj, ...0xj, Oz, ...0xy,

Tk ... T

T

= v () el ) (12

=0

where PO(L,L') = L - L’ denotes the ordinary (commutative) product of functions.
The x-product ([[1]) also admits an integral representation:

2 ﬂﬂ/ﬂ//
(Lw 1)) = /dﬁ'd*” S 1 @) (13)
with

|27 | =2 x &+ 7 x3" +7" x T, (14)

which is interesting when one wants to extend the x-product to other symplectic manifolds like
coadjoint orbits of certain groups (see Sec. [L.1]).
The Moyal bracket ([L0) reminds us a commutator between operators

2
(L L}y = [Lm,Lﬁ] = f ke by — Lok Loy = 2isin <27r—m x ﬁ) Lien. (15

Thus, this x-product equips the set (§) with a noncommutative C*-algebra structure, which
we shall denote by C*(T2). Just as the standard geometry of T2 can be described by using
the algebra C°°(T?) Of smooth complex functions (§) on 72 with the ordinary (commutative)



product, a noncommutative geometry for 72 can be described by using its “quantum” analogue
C;(Tz). Noncommutative geometry offers a broader spectrum of possibilities. In fact, let us see
how the definition of “quantum torus” is richer than that of the (standard) “classical torus”,
which eventually comes up as a particular limiting case of the former one.

Note that, when the surface of the torus ¢ contains an integer number ¢ of times the minimal
cell X (that is, £2 = ¢)?), the infinite-dimensional algebra (LF) collapses to a finite-dimensional
matrix algebra: the Lie algebra of the unitary group U(q/2) for q even or SU(q) x U(1) for ¢ odd
(see B4]). In fact, taking the quotient in ([[5) by the equivalence relation -Z/rﬁ—i-q(_i ~ Lz, Va €

2mi

7Z X 7., it can be seen that the following identification I:m => eamkx k,k+ms implies a change
of basis in the step-operator Lie-algebra (B1) of U(q).

Thinking of p = ;425 as a ‘density of quantum points’, we can conclude that: for the critical
values p. = g € Z, the Lie algebra ([[J) is finite; that is, the quantum analogue of the torus has
a ‘finite number ¢ of quantum points’. It is in this sense that we talk about a ‘cellular structure
of space’. Actually, given the formal basic commutator [z1,z2] = —iX? /7 between “position
operators” on the torus, this cellular structure is a consequence of the absence of localization

expressed by the Heisenberg uncertainty relation AzjAxy > A?/(27) (see Figure [l).

p=400

p>>1

A< [

0 [ 0 [

Figure 1: In extreme quantum conditions ¢ ~ X (size of the space comparable to the Planck length),
the cellular structure of space could be conspicuous.

In the (classical) limit of large number of points p — oo and A — 0 (such that the size
?> = pA? of the torus remains finite) we recover the original (commutative) geometry on the
torus. For example, it is easy to see that

: 2
lim % [ﬁm, i/ﬁ] = 4iﬁ X mLm+ﬁ = PI(LT?L, Lﬁ) (16)
p—00, A—0 X\

coincides with the (classical) Poisson bracket (f]) of functions in C°°(T?). In particular, the
last equality states that the Poisson algebra () formally coincides with the Lie algebra of the
group of infinite unitary matrices U(oco) [B4]. This is just a facet of the general problem of
approximating infinite-dimensional Lie algebras of symplectic diffeomorphisms on homogeneous
manifolds by large-N matrix algebras.

This simple example gives us a taste of what should happen in higher dimensions and less
trivial quantum manifolds. Although the general subject of Noncommutative Geometry is rather



developed (see e.g. [B2, [[4]), there is still a technical difficulty partially due to the lack of
tractable (yet non-trivial) noncommutative versions of curved spaces. Let us proceed, firstly, by
showing how to obtain quantum fields on a homogeneous space M = G/P and, secondly, how
to embed those fields in a noncommutative structure (“higher-dimensional W-algebra”) living
in the universal enveloping algebra of G.

3 QFT in Homogeneous Spaces from a Second Quantization on
a Group

The sequel to the previous constructions will consist in generalizing the concept of W-algebra
to realistic dimensions. Once the group-theoretic nature of W-algebras is elucidated, there is no
conceptual difficulty in jumping from 1+1 to 341 dimensions. Indeed, we should just substitute
G = SU(1,1) by G = SU(2,2) (the conformal group SO(4,2) in 3+1 dimensions, except for
discrete symmetries) and consider now L£;(su(2,2)) as a higher-dimensional generalization of the
Wh-algebras. However, there is a technical difficulty; the generalization of these constructions
to general unitary groups proves to be quite unwieldy, and a canonical classification of U(N)-
tensor operators has, so far, been proven to exist only for U(2) and U(3) (see [R§] and references
therein). As already mentioned, tensor labelling is provided in these cases by the Gel’fand-Weyl
pattern for vectors in the carrier space of the irreps of U(V). A step forward in this direction
is given in the letter [[L(], where the author provides a quite appropriate basis of operators for
Li(u(Ny,N_)),p'= (p1,...,pn), N = Ny + N_, and calculates the structure constants, for the
particular case of the boson realization of quantum associative operator algebras on algebraic
manifolds Fyy  =U (Ny, N_)/U(1)" (flagmanifolds). This is a particular, yet important, case
inside the N-parameter family £;(u(N4, N_)), where the standard Moyal bracket [[ provides
the primary quantum deformations (i.e. an invariant associative x-product). The general case
is still under study, although Moyal deformation still captures much of the essence of the full
quantum algebra, as happens to deformations of W algebras [B].

The aim of this article will not be to provide an exhaustive study of quantum deformations
L5(u(2,2)) but, rather, to give a physical and geometrical interpretation of the classical limit
Lo(G) for G =U(1,1) and G = U(2,2) in terms of higher-G-spin algebras of fields ¢ on anti-de
Sitter spaces in 141 and 4+1 dimensions, respectively. For this, let us outline how to formulate
a quantum field theory in a homogeneous space M = G/P as a second quantization on a group
G. Some comments on quantum deformations will be given in Section [I.]].

3.1 Second Quantization on a Group

In the standard formulation, the Quantum Mechanics of a particle in a curved space M is
explicitly constructed in the configuration space (space image), making use of the intrinsic
differentiable structure of M (generally, a pseudo-Riemann, globally hyperbolic manifold with
metric g"”). However, when M is symmetrically enough or, more precisely, when M is somehow
embedded in a symmetry group G, this case offers more possibilities. In fact, we can always use
the large amount of geometrical and algebraic resources that a group offer to us: left- and right-
invariant vector fields, Casimir operators, invariant forms (e.g. volume elements), symplectic
structures on the coadjoint orbits, results of the representation theory, etc; in particular, the



problem of calculating the general solution to the equations of motion
(0"'V, Vy +m® + ER)p(z) = 0 (17)

(V, denotes the covariant derivative) is reduced to finding the unitary and irreducible repre-

sentations with a fixed value of the Casimir operator C' ~ g—; + K on a given support space of

constant curvature given by the eigenvalue (k) of C' (for example, C' = 0,0" for the Poincaré
group). Such is the case of de Sitter and anti-de Sitter spaces in d + 1 dimensions:

dS14q ~ SO(d +1,1)/SO(d, 1), AdSi4q ~ SO(d,2)/SO(d, 1), (18)

which (mainly AdS) are arousing an increasing interest as asymptotic background spaces in
(super)gravity theories, as already said in the Introduction. Let us outline a general method for
constructing a quantum field theory in a homogeneous space M of a group G.

Let Hs(G) = {1/),(:)}% ; (the lower-index k represents quantum numbers that lie on a set
I for a given G-spin label s) be an irreducible representation of G' obtained from the regular
representation, that is, the space of arbitrary complex functions ¢ : G — C, ¥(g) € C, g € G).
Given the left action of G on itself Ly (g) = ¢’ ® g (where e denotes the composition law), the
finite action p of G on H4(G)

V' (9) = (p(g))(9) = V(L' (9) = (g e g) (19)
defines a unitary representation with respect to the scalar product:
wiv') = [ dhgia)' (o), (20)
G
r=dim(QG)

where dfg = 911 A~~~ AOLT denotes the left-invariant integration measure, which is con-
structed as an exterior product of left-invariant one-forms %% = Ag(g)dga, and {g“}._; is a
system of coordinates on G. The matrices AJ(g) are calculated by duality 829(XE) = 67 with
the left-invariant vector fields

0

K2 dgeg)”
0gP’

Xkt =1L5g) LB(g) = g : (21)

g'=e

where e denotes the identity element; that is, A = (L_l)g. In general, the finiteness of this
measure is not guaranteed; however, this definition will be enough for our purposes.
For simplicity, we shall restrict ourselves to real quantum fields

3)(g) = 69 (9) + 6 (9) =¥ a0 (9) +al o (g), (22)

el

where d,(;),dlgsﬁ denote the Fourier coefficients of the expansion of (5(5) in the basis {w,(j)}ke I

The interested reader can consult Refs. [fj, for a more technical exposition of the subject in
the context of a Group Approach to Quantization formalism [B7].
The infinitesimal, second-quantized, counterpart of the finite action ([J) can be written as:

[Xai69(9)] = mXF6Og),

hi a2 (g)
g™

k

ay (23)

o’

g=e
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where plk ( ) = <wl ]p( )]1/1125)> are the matrix elements of p in the basis of Hs(G). The operators
X, are the second-quantized version of the infinitesimal (right-invariant) generators

9 (g’ ® g)°
XF=Ri(9)s—. Rilg)= —5 24
o =Ro(9) ik (9) a7 |, (24)
of the finite left action ([[), which fulfill the commutation relations:
[XayXﬁ} = hO:xYBX“/v C;g = (RZOURE - RgaoRZ)(R_l)Z7 (25)

where Cgﬁ denote the structure constants of the Lie-algebra of G. The commutator between
fields in the Fourier space and the configuration space is:

"] = ol
99).67(5)] = A1, (26)

where

A¥(g,¢) = (glg) Iw (d) (27)

denotes the propagator in the configuration space In the last equality, a closure relation 1 =

Ek ‘wk > < is the

representation space of the (mﬁnlte—dlmensmnal) algebra of quantum fields gb and space-time
symmetries G with commutation relations (R3,p3,2d). It can be constructed as the orbit of the
creation operators acting on the vacuum:

(dl(fsl)T)N(kl)'-'(dl(;)T)N(kj)
(N (k1)!...N ;)12

where N (k;) means “number of particles with quantum numbers k;”. The vacuum |0) is char-
acterized by the conditions:

IN (K1), .., N (K;)) 10, (28)

0{710) = 0= X,[0), Vkel,a=1,...,dim(G), (29)
that is, it is annihilated by the destruction field operators d](:) and it is invariant under the
action of the basic symmetry group G —i.e. it looks the same to any freely falling observer
anywhere in the homogeneous (curved) space M ~ G/P. It can be seen that the operators X,
(e.g. the Hamiltonian) are written in terms of the (basic) field operators as:

Xo=h / dg 3% () X3 (g) (30)

We shall see how the Lie algebra of the second-quantization group G = G x, (H — W) [the
semidirect product of the basic symmetry group G times the infinite-dimensional Heisemberg-
Weyl group of fields ¢, that is, the solution manifold to the field equations ([[7)] defined by the
commutation relations (P3,PJ4) is just a piece of a richer structure that incorporates the whole
algebra of diffeomorphisms of M, diff(M), —as an enlargement of G— together with all the

11



representations Hs(G) (“higher-G-spin fields”) of G, in a consistent manner. We shall denote
such algebraic structures by L£.(G), which are a particular (classical) limit of more general tensor
operator algebras L£;(G) (see e.g [R6, B{]) already mentioned in Sec. f]. Higher-spin algebras [§],
which are said to be a guide principle to the (still unknown) “M-theory”, are also of this kind.
Not much is known in the literature about the explicit form of these algebras (e.g.: labelling
of basic generators, structure constants, etc), except for the simple cases of G = SU(2) and
G = SL(2,R) ~ SU(1,1)/Zs, for which we, ~ Loo(sl(2,R)).

Before entering more explicitly in this “promotion” of quantum-filed-theory algebras to
higher structures containing “gravity modes”, let us work out the simple example of quantum
field theory on AdSs = SO(1,2)/50(1,1) as a second quantization on G = SO(1,2) ~ SL(2,R).
The 4-+1-dimensional case AdSs = SO(4,2)/S0(4,1) is left as an Appendix [A], where explicit
expressions for holomorphic unitary irreducible representations of SU(2,2) and propagators are
given. Vacuum radiation phenomena is also discussed as a physical application of QFT in AdS,.

3.2 QFT in AdS, = SO(1,2)/SO(1,1)

In restricting to 1+ 1D, we find an apparent ambiguity in the distinction between AdSs and dS,
in ([L§), as SO(1,2) ~ SO(2,1). We shall see that AdSy and dSs correspond to diferent orbits
of the same group SU(1,1) ~ SO(1,2) (except for discrete transformations) or, in other words,
diferent choices of time generator (see later).

A system of coordinates for

SU(1,1) = {g = < Lt ) i, € C/ det(g) = Jug|? — |ug|? = 1} , (31)

Uz U1

can be the following:[]

gV =p=" @22 e 2
|ur] U U
heU(), zze€ Dy, (32)

where D7 denotes the open unit disk in the complex plane C.
The group law ¢’ = ¢’ e g in these coordinates adopts the form:

W VI

h// _
- ne 205"
|uy v1+h?227
" uf B2+ 2
z = Tn T I 10 (33)
uy  h'+ 2z
i 2y Zh? 47

o 1+ 2z

The matrices LY and RS in (BT,R4) corresponding to the left- and right-invariant vector fields
are (row «, column f3):

h 0 0 h =2z 2%
(L8 = n'z/2 h2(1-27) 0 , (ROHY=| -nhz/2 1 -z |. (34
—h32/2 0 h2(1 — 22) hz/2 —22 1

fsee also Appendix @ for the 4+1-dimensional SU(2,2) case
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From here, the structure constants (P§) and commutation relations of the su(1,1) Lie algebra
are:

%] =20k, [§, %] = —2nke, [%o 6] = (35)
which coincide with the well known [L,,, L,] = (m — n)L,+, after the identification L; =
X, L 1=-X,,Lo= %X n- The Casimir operator in this basis of generators is given by:

C=X}+2X2X24+2X2X2. (36)

In order to construct the Hilbert space of wave functions on AdSy and dSs, let us start
from the regular representation, that is, complex functions ¢ : SU(1,1) — C defined on the
whole group SU(1,1). The AdSy and dS; spaces correspond to two different integral manifolds
characterized by the vector fields (perpendicular to the manifold) f|

AdSy: XL =XE, dSy: XL =XE+ XE+ix], (37)

z

and related to two possible choices of time:
w w
Xi=oXy, X = (X - X7), (38)

compact t1 ~ ZInh for AdS, and non compact to ~ 2(z — z) for dSy (w is a parameter with
frequency dimensions). The vector fields XpLj constitute (complex) polarizations of coadjoint
orbits [BY in the language of Geometric Quantization (see, for instance, [B9))
Thus, wave functions do not depend on the coordinates p; “perpendicular” to the manifold,
which means
X baas =0, X[apas =0. (39)

The equations of motion

X[ bads = ws1¥aas, Xfvas = wsatlas (40)

[the SU(1,1)-spin labels s;, 52 € Z/2 are related to the zero-point energy —or the curvature of
space [BG— and characterize the corresponding representation], together with (BY), yield the

solution: 1 s
(s1) _ ;2s Y - (s2) — Rz
Ypas = b7 (1 —22)" 01(2), dgg” = (2h2 — i)52(zh2 + 7)%2 2(7) (41)
where v = h™? ;hhf{ jl corresponds to the spatial (compact) S' CdSs coordinate, and
pr=) aflz ga= Y by (42)
n=0 m=—o00

is an arbitrary, analytic function of z and -, respectively. Note that the (holomorphic) AdSs
representation has a vacuum, whereas the spectrum in dSy has no lower-bound.

Let us restrict hereafter, for simplicity, to the AdSy case. Given the natural integration
measure

—i o —i

" gL A gL(2) A gL(B) —

(2m)? (2m)?
—1 1 _

#We shall consider holomorphic representations for the AdS case

dlg det(L2)~tdh A dR(2) A dS(2)
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the scalar product of basic functions zﬁﬁf) = h%(1 - 22)%7",

~(8)1 7 F'(m+1)I'(2s—1)
() [ (5)y — Smn = NG 44
<wm W}n > F(QS m) m,n m YN ( )

is finite for “conformal-spin” s > 1/2; here r denotes the standard gamma function (I'(q) =
(g—1)!, when g € N). Thus, B(H;) = {1/1 \/_1/1 } is an orthonormal basis of the Hilbert

space Hs(SU(1,1)). The matrix elements pgnZL( ) = <1/)m)|p(g)|¢£f)> of the representation ([[9)

in this basis have the following form:
zm: ( n ><28—|—n—|—q—1>
m—q q

g=max(0,m—n)

X (—1)nmHap =22 azn—mta( 4 5)s, (45)

and are the main ingredient to construct the quantum field theory in AdSs (second quantization
on SU(1,1)). Given the expansion in modes of a real field with conformal-spin s,

5O = 30 G + NG (1)
n=0
the general commutation relations (BJ) adopt the particular form
Xnald| = —2n(s+mafy,
[Xz,dﬁf)} = h/n@s+n-1)a?,, (47)
[XZ’&S)} = —hy/(n+1)(2s+n) Slla

together with the corresponding conjugated expressions (X ;[ =X, X ;r =X z).
For completeness, we shall give the explicit expression of the propagator (R7) in the present
holomorphic picture of AdSs, which is easily calculated as:

1—2'Z")5(1 — 22)*

S S S /— S(
A( (9, 9 Z¢( ¢( = (25 — 1)(hh 1)2 (1— z’2)2s

(48)

Before passing on to the embedding of the second-quantization group G2 [with general Lie-
algebra commutation relations (23,25,26) and, more particularly, (£3,85)] in a larger structure
containing the diffeomorphisms of the manifold and higher-spin fields, let us consider briefly an
interesting thermodynamic result in AdS.

3.3 Vacuum radiation

It is straightforward to see from () that the total energy operator Etot = %Xh is written in
terms of the creation and annihilation operators as:

Biot = Eo+ E = BN + > EpalTa) (49)

n=1
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where Fy = hws is the zero-point energy, F, = hwn and N = S Tag) represents the

operator number of particles.
In addition to the ordinary vacuum |0), there are other states with null renormalized energy
FE = Ei — Ey. For example, coherent states of zero modes:

~(s)
10}y = e~ 21¢%a5”" |y (50)

which verify that: di;gl\@ 0 and a A(S |0)y = ¥]0)y, that is, they are eigenstates of the
(s)

annihilation operator a; . Although they behave as vacua from an energetic point of view, these
states exhibit a thermal response under space-time transformations (let us say, accelerations).
Indeed, according to the general expression (f), the finite action

0o (s)
. (s) ~(s)t ()t _ 1\ No ns(s)t
i — b Zp 02)all = 3 ()| S (51)
n=0 n
generated by the ‘creation’ operator X, = —L_, leads to the following transformation of the

vacuum (p() (for simplicity, we shall restrict ourselves to the case ¥ = 1)

00 a o 4
(S)T ritin R
001 — [W(2))1 = e 2el0 [0) = > > 11 n’; , (@tym= oy, (52)
9=0 My, ..., Mg : n=0 """ n=0
1 My = q

(s)
where 7, = (—1)”\/ Mo o and mg = 0. This state has been identified in [[f as a (Weyl-invariant)

vacuum seen from an accelerated frame (see later), in the context of a 141D conformally invariant
QFT. This comparison is justified because, in 1+1D, the (finite) conformal group SO(2,2) ~
SU(1,1) x SU(1,1) (except for discrete symmetries) splits into left- and right-moving modes,
so that we are just dealing with “one direction” when working in AdS,. The transition to an
accelerated frame is realized by special conformal transformations: L_; and L_; (see for
more details).

The relative probability of observing a state with total energy F, = hiwq in the accelerated
vacuum |¥(z)); is

Py o= MBI,

9 . 2m
rmn
AME,) = > 11 g (53)
M,y Mg - n=0
I nmy,=q

It is interesting to see how we can associate a thermal bath with this distribution function by
noticing that A(E,) behaves as a relative weight proportional to the number of states with
energy E, = hwq; the factor (|z|?)¢ fits this weight properly to a temperature as

Eq_ hw ha

2\ _ qloglz? _ TEgT h T=_ - 54
(|2F)" = e ¢, where 5= kplog|z|?  2nmckp (54)
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is the temperature associated with a given acceleration a = 1022%, and kg, c denote the Boltz-
mann constant and speed of light, respectively. This simple, but profound, result was first
considered by Unruh [f].
After some intermediate calculations, the expected value of the total energy E in the accel-
erated vacuum |¥(z)); proves to be:
(YEIEYE) o |2
(¥ (2)|¥(2)h (1—[z[2)>s+1”

(55)

which coincides with the mean energy per mode of the Bose-Einstein statistic, for s = 0, when
we substitute (54) inside (F§). In D spatial dimensions, the number of states with frequency
w is proportional to w”~!. Thus, the spectral distribution of the radiation of the accelerated
vacuum |¥(z)); for D = 3 is given by the formula

xle”

us(z) = GOW ) (56)

T

where x = % and €y is a constant, for a fixed temperature Ty, with dimensions of energy
per unit of volume. Figure [ represents the spectral distribution u,(x) for diferent values of s
(related to physical magnitudes like the zero-point energy and the curvature of the space). For
s — 0, we recover the Planckian (black body) spectrum.ﬁ For s > 0, we have a deformation of
the Planckian spectrum; the value s = (D — 1)/2 corresponds to a critical situation: over this
value, the theory exhibits an “infrared catastrophe”. The physical meaning of this divergence is
unclear to the author. A possible explanation could be that higher-spin fields exhibit anomalies
and require more careful treatment. The reason for this belief lies in the fact that quantization
deforms higher-spin algebras like w to W, by introducing renormalizations —Moyal terms— (see
next Section).

Us

Figure 2:  Higher-spin s = %, 1(critical),> 1(infrared divergence) deformations of the Planckian
spectrum s = 0 (thickest line).

$Note that this limit can only be reached in going to the universal covering of SU(1,1), which means to make
time non-compact.
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Unruh effect could be seen as a “first order effect” of gravity on quantum field theory, in
the sense that uniform accelerations (special conformal transformations) are enough to account
for this radiation phenomenon. Higher order (linear, quadratic, etc) accelerations can be con-
sistently included in 1+1D by enlarging the SO(2,2) ~ SU(1,1) x SU(1,1) symmetry to two
copies of the Virasoro algebra

su(1,1)

——
L_3,L_o, L_y,Lo,Ly ,Lo,L3...—

L3, L, L_1,Lo,Ly ,Ls,Ls...—, (57)
N—_— —

su(1,1)

1

1

for the generators Ly, L,, of holomorphic and antiholomorphic diffeomorphisms (left- and right-
moving modes), respectively, with commutation relations:

(Lo, Ln] = (m —1)Lpsn + 1—C2m(m2 — )6 mn
[l_}m, En] = (m—=n)Lmin+ %m(m2 — 1)dm+n0 (58)
[Lm,Ln,] = 0,

where ¢ denotes the typical central charge.

We have given a statistical mechanical description of the Unruh effect (vacuum radiation
in uniformly accelerated frames) just by counting microscopic states of a conformally invariant
quantum field theory —more precisely, the restriction to its left-(or right-)moving sector. There
is strong evidence (see [[I[(] and references therein) that conformal field theories also provide a
universal description of low-energy black hole thermodynamics. Actually, Unruh’s temperature
(p4) coincides with Hawking’s temperature

T_ he? _ 2nGMh
- 8tMkpG  Yckp

(59)

= 4777“3 = 87G*M?/c* stands for the surface of the event horizon) when the acceleration
is that of a free falling observer on the surface ¥, i.e. a = ¢'/(4GM) = GM/r?. In fact, the
Virasoro algebra (B§) proves to be a physically important subalgebra of the gauge algebra of
surface deformations that leave the horizon fixed for an arbitrary black hole. Thus, the fields
on the surface must transform according to irreducible representations of the Virasoro algebra
(bg), which is the general symmetry principle that governs the density of microscopic states.
Bekenstein-Hawking expression for the entropy can be then calculated from the Cardy formula
[ (see also [iJ] for logarithmic corrections).

The infinite-dimensional character of conformal symmetry seems to be exclusive patrimony
of 141 dimensions. Indeed, conformal symmetry SO(D,2) in D space-time dimensions is said
to be finite-dimensional except for D = 2. However, one can consider “analytic continuations”
(in a broad sense specified later) of the finite-dimensional SO(4,2) symmetry, containing dif-
feomorphisms and higher-spin fields, which constitutes an extrapolation of the Virasoro and
W symmetries to realistic (3+1) dimensions. Such infinite enlargement of SO(4,2) ~ SU(2,2)
has been given by the author [L0, [[] in the (more general) context of a new class of infinite-
dimensional tensor operator algebras of pseudo-unitary groups U(N;,N_). Let us see how
these abstract algebras admit a physical interpretation as Lie algebras of higher-spin fields and
diffeomorphisms on homogeneous spaces like AdSy and AdSs.
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4 Higher-dimensional )V algebras and quantum AdS; space.

The second quantization algebra (R3,23,Rf) contains the strictly necessary space-time symme-
tries (R5) from which to extract the space-time manifold. Nevertheless, in (1+1) dimensions, the
su(1,1) Lie algebra (BH) can be enlarged to the Virasoro algebra (F§) through an “analytic con-
tinuation” (F7), that is, an extension of su(1,1) = {L,,|n| < 1} beyond the wedge |n| < 1 when
we identify L = Xg, L= —XZ, Lo = %Xh This incorporation of new local transformations
(diffeomorphisms) constitutes the main (gauge) guide principle to formulate two-dimensional
gravity models, like the well known Polyakov’s induced gravity [[[4]. There can be no doubt that
a similar enlargement procedure promoting the finite-dimensional SO(4, 2) conformal symmetry
to the infinite realm is a potentially valuable symmetry resource to formulate gravity models in
realistic dimensions. Let us show how this infinite enlargement of SO(4,2) ~ U(2,2)/U(1) can
be given as a particular case of more general infinite extensions of pseudo-unitary symmetries
U(N4, N_), and how diffeomorphisms and higher-spin currents are embedded in this algebraic
structure.

Let us denote by X,3, a, 8 =1,...,N = N, + N_, the generators (step operators) of the
u(N4, N_) Lie algebra (see Appendix [i] for another basis of generators) , which admit a matrix
realization of the form:

Xag = - aﬂynyﬁ, with (Xa’y)aﬁ = 50106FY67 (60)

where 1 = diag(1,V*,1, -1, V=, —1) is used to raise and lower indices. The commutation rela-
tions of these step operators are:

[Xalﬁleazﬁz] = (nalﬁQXazﬁl - nazﬁlXalﬁQ)‘ (61)

The relation between the step operators X,3 and L, for u(1,1) is simply: Ly = X9, L1 =
Xo1, Lo = %(ng +X1),N = %(Xm — X11), where NV is the generator associated with the trace
NagX a8 —_the operator number of particles (E9) or electric charge in second quantization. The
key point is to note that the commutation relations (pI) can also be written as:
I+J—6q

(L1, L] = 0P (Jamg — Iang) L0 (62)
where the lower index m of L now symbolizes an integral upper-triangular N x N matrix and
the upper U(Ny, N_)-spin index I represents a half-integral lattice vector; more schematic:

0 mi2 miz ... MmN
0 0 mo3 ... MaN
0

NxN

We are also denoting m, = Zﬁ>a Mag — Zﬁ<a mgq and 64 = (6a,1,---,0q,n). Note that the
generators L! are labeled by N 4+ N(N —1)/2 = N(N +1)/2 indices, in the same way as wave
functions v/ in the carrier space of irreps of U(N) (see Appendix [A]).

There are many possible ways of embedding the u(N, N_) generators (1) inside (63), as
there are many possible choices of su(1,1) inside (5§). However, we can establish a “canonical”
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choice, such as:
min(a,3)—1

Xog = ngﬁ , Top = sign(f — a) Z Too41 (64)

o=min(a,3)

where 2, »+1 denotes an upper-triangular matrix with zero entries, except for one at the (o, 0+1)-
position, i.e. (Zg,041)u = do,u0s41,,. For example, the u(1,1) generators correspond to:

X9 =189 | Xy =LOY C X =100 Xy =10V (65
2 0 1 . 0 -1 H 00 - 00 (65)
0 0 0 0 0 0 0 0

If we allow the lower-index m = z,3 of L% in Eq. (b4) to run over arbitrary integral
upper-triangular matrices m, then we arrive at the infinite-dimensional algebra:

[L%,Léﬁ} = mPLo _popd (66)

m+n m+n >
which we shall denote by ) (u(N4,N_)). As a particular example, for the simplest case
of u(1,1), this “analytic continuation” leads to two Virasoro sectors: L,,, = L£,1,j°), L, =
Lg’l). Its (3+1)-dimensional counterpart .Cg})) (u(2,2)) contains four noncommuting Virasoro-
like sectors Eg“)(u(Q, 2)) = {L%}, a =1,...,4, which, in their turn, hold three genuine Virasoro
sectors for m = kuag, k € Z, o, f = 1,...,4, where (ung)u = a0, is an upper-triangular
matrix. In general, .Cg})) (u(Ny, N_)) contains N(N — 1) distinct and noncommuting Virasoro
sectors, and holds u(N4, N_) as the mazimal finite-dimensional subalgebra.

The algebra ) (u(Ny, N_)) can be seen as the minimal infinite continuation of w(N4, N_)
representing the diffeomorphism algebra diff(V) of the corresponding N-dimensional manifold
(locally the Minkowski space-time for u(2, 2)) Indeed, the algebra (g) formally coincides with
the algebra of vector fields L o) = = f(y)-2 By where y = (y1,...,yn) denotes a local system
of coordinates and f(y) can be expanded in a plane wave basis, such that L. = M Ya aa
constitutes a basis of vector fields for the so called generahzed Witt algebra [[H]], of which there
are studies about its representations (see e.g. [[4, 5, . Note that, for us, the N-dimensional
lattice vector m = (mq,...,my) is constrained by za 1 Mq = 0 (see the definition of m, in
paragraph after Eq. p3J), Wthh introduces some novelties as regards the Witt algebra. In fact,
the algebra () can be split into one “temporal” piece, constituted by an Abelian ideal generated
by Lm = naaL5 and a “residual” symmetry generated by the spatial diffeomorphisms

L3, = Lo — mjsrgi Lt j=1,...,N — 1 (no sum on j), (67)

]

which act semi-directly on the temporal part. More precisely, the commutation relations (6q)
in this new basis adopt the following form:

[igm I:]:L:| = 7 kLG-l—n - n]Lm—l—n ;
|0 IN] = —#L (68)
|:E7]\r[n I:nN:| = 0,
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where my = my — mgy1. Only for N = 2, the last commutator admits a central extension
of the form ~ 112010 compatible with the rest of commutation relations (f§). This result
amounts to the fact that the (unconstrained) diffeomorphism algebra diff(N) does not admit
any non-trivial central extension except when N = 1 [{7].

Additionally, after the restriction I = J, in (f4) is also relaxed to arbitrary half-integral lat-

tice vectors I, the commutation relations (fJ) define a higher-u(N, N_)-spin algebra Loo(u(N, N_))

(in a sense similar to that of Ref. [f]), which contains ) (u(N4, N_)) as a subalgebra as well
as all currents L! with all U(N,, N_)-spins 1.

For example, for the conformal-spin s quantum fields ¢(*) in (i) on AdS; = SO(1,2)/50(1,1),
one can check that the identification:

L™ = Nl er 5o = N

0 1 0 —1 0 0 2
0 0 0 0 0 0

between the Lo (u(1,1)) generators L") the space-time SU (1,1) generators (BH) and the
Fourier coefficients d&,‘?, aldT of the field $5) —where |m| denotes the absolute value of all the
0 m
0 0
quantization algebra (BJ[7) in (63), except for central terms. Thus, the algebra Loo(u(1,1))
contains not just the basic space-time symmetry u(1,1) of AdSs, but also its prolongation to
the whole algebra £y (u(1,1)) ~ diff(2) of diffeomorphisms of AdSs,, together with all fields ¢(*)
with arbitrary conformal spin. This embedding of SU(1, 1)-spin s quantum fields (5(5) on AdSs in
Loo(u(1,1)) is straightforwardly generalized to SU (2, 2)-spin S quantum fields ) on AdS; (see
Appendix [A] for a explicit expression of coordinates, wave functions and propagators in AdSs) by
considering the (441)-dimensional counterpart L£o.(u(2,2)) of the (1+1)-dimensional higher-spin
algebra Lo (u(1,1)). Note that the generators LY, of Loo(u(Ny, N_)) carry an extra spin label
(the trace Sy = I1 +. ..+ Iy) with respect to the Fourier coefficients ag), S=(S1,...,Sv-1), of
the SU (N4, N_) quantum fields ) [see paragraph before Eq. (B)]; the relevance of this extra
phase invariance and its possible connection with charge conjugation remains to be studied.

As we have already said, the algebra (fJ) reproduces the commutation relations of higher-
U(N4, N_)-spin quantum fields except for central terms (propagators). In fact, besides such
central extensions, the quantization process entails unavoidable renormalizations (mainly due
to ordering problems) of the form:

entries of the upper-triangular matrix m = >, give us an embedding of the second

[ﬁ;;, ﬁg] = hno‘ﬁ(Jamﬁ - Iang)ﬁlmi‘]n_é“ +O(h3) + ROZam oo o(1,7) (m)dminol, (70)
where 1 ~ ﬁg denotes a central generator and ¢/ )(m) are central charges. The higher order
terms O(A?) can be captured in a classical construction by extending the classical (Poisson-Lie)
bracket (p3) to the Moyal bracket (see [[[(] for more information on Moyal deformation).
Central extensions provide the essential ingredient required to construct invariant geometric
action functionals on coadjoint orbits of the corresponding groups. When applied to the infinite
continuation ([f() of u(2,2), this would lead to Wess-Zumino-Witten-like models for induced
conformal gravities in 3+ 1 dimensions, as happens for the Virasoro and W algebras in relation
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with (1+1)-dimensional gravity (see e.g. Ref. [B4]). This is the main claim of this article: the
potential (gauge) guiding principle of the higher-u(2,2)-spin algebra ([70) towards the formulation
of consistent gravity models in realistic dimensions.

Moreover, as we have already commented, the statistical mechanical explanation of radiation
phenomena like black hole evaporation proves to rely heavily on the count of microscopic states
of a given gauge (diffeomorphism) invariant field theory. Previous to this, an exhaustive study of
central charges and representation theory of the corresponding symmetry algebras —like ([7()—
would be necessary. The general study of infinite-dimensional algebras and groups has not
progressed very far, except for some important achievements in one and two dimensions. Thus,
we do not expect the representation theory of these algebras to be an easy task. Perhaps, some
results imported from the representation theory of toroidal Lie algebras (see e.g. [A]]) could be
of help. “Two-toroidal Lie algebras” are higher-dimensional generalizations of the affine Kac-
Moody algebra in the sense that they replace the loop with a two-torus, that is, the integer
lower-index m (loop winding number) of the Kac-Moody algebra generator 7% is replaced by an
integral four-vertor m = (my,...,my). These algebras appear as current symmetry algebras of
the four-dimensional Kithler WZW model, also denoted by WZW, (see e.g. [i9]). WZW, model
also arises as the induced surface theory of a 4+1 dimensional AdS Chern-Simons gravity theory
with gauge group SO(4,2) x U(1) ~ U(2,2) —except for discrete symmetries— (see [5(, 1)),
in analogy with what happens in 2+1 dimensions [§3, 3.

4.1 Quantum AdS space

Before passing on to the Conclusions, let us comment on the potential relevance of the C*-
algebras ([7() on tractable non-commutative versions of curved spaces like AdSs. It is a remark-
able fact that the algebra ([7Q) is actually a member of a N-parameter family Eﬁ(u(N+, N_)), p=
(p1, ..., pn) of non-isomorphic algebras of U(N,, N_) tensor operators (see [[0]), the classical
limit & — 0, p, — oo corresponding to the classical (Poisson-Lie) algebra Loo(u(N4, N_)) with
commutation relations (6J). A very interesting feature of Zp“(u(NJ,_, N_)) is that it collapses to
Maty(C) (the full matrix algebra of d x d complex matrices) whenever the (complex) parameters
pa coincide with the eigenvalues g, of the Casimir operators C,, of u(N, N_) in a d-dimensional
irrep Dg of u(Ny, N_). This fact can provide discrete, ‘fuzzy’ or ‘cellular’ descriptions of the
non-commutative counterpart of AdSs when applying the ideas of non-commutative geometry
(see e.g. [BZ) to L (u(2,2)). The appealing feature of a non-commutative space M is that
a G-invariant ‘lattice structure’ can be constructed in a natural way, a desirable property as
regards finite models of quantum gravity (see e.g. [14] and Refs. therein).

It is also a very important feature of L;(u(/N4,N_)) that the quantization deformation
scheme ([[0) does not affect the maximal finite-dimensional subalgebra su(N,, N_) (‘good ob-
servables’ or preferred coordinates [f4]) of non-commuting ‘position operators’

yQBZ%(XaB"i'Xlﬁ)’ yﬁa:%(Xaﬁ_XTa)a O‘<ﬁ>
Ya = j\("?aaXaa - 77a+1,a+1Xa+1,a+1) 5 (71)

on the algebraic manifold F' NN where A gives y dimensions of length. The ‘volume’ v; of
the N — 1 submanifolds F} of the flag manifold Fyn =FND...0 5 (see e.g. [, Bg] for
a definition of flag manifolds) is proportional to the eigenvalue p; of the su(Ni, N_) Casimir

operator éj (B4) in those coordinates: v; = A p;. Large volumes (flat-like spaces) correspond to
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a high density of quantum points (large p). In the classical limit A — 0, p — oo, the coordinates
Yy commute.

The notion of “quantum space” itself could be the collection of all of them, enclosed in a
more general algebraic structure. A suitable candidate for this purpose, where different quantum
spaces can coexist with different multiplicities, is the group algebra C*(G) of complex functions
on G. Indeed, the group algebra decomposes as (see e.g. [BY, pd)):

C*(G) ~ P Lx9), (72)

peC

where G denotes the set of unirreps of G. From this point of view, classical, flat-like spaces
(large p) would be “more likely” to be found inside the whole ensemble C*(G), as it should bel.
This breaking down of C*(G) into factor algebras £;(G) (matrix algebras for p' € G) is the
quantum analogue of the standard foliation G* ~ [ ; Fj of the coalgebra G* into coadjoint orbits
F; (symplectic leaves) [B].
There is a natural invariant associative and noncommutative x-product between functions
I ) € C*(G) (the convolution product):

(6L, + 7)(g) = / d g0l ()0l (g e ), (73)
G

and an involution 1*(g) = (¢~ '), which define C*(G) as a noncommutative C*-algebra. We
also define the “negative modes” ., of basic anti-holomorphic functions (B§,86) as the corre-
sponding holomorphic ones, i.e. 9!, =4l . The classical limit of the convolution commutator

{00/} = lim 5 (00— x4 (74)

corresponds to the Poisson-Lie bracket between functions on C°°(G*). The explicit form (in
coordinates) of the Poisson-Lie bracket for G = U(N4, N_) is:

oY o'
a%161 axazﬁz 7

{1/}71//} = (n0152xa251 - naQﬁlxalﬁz) (75)

where 23,0, =1,..., N denote the coordinates in the coalgebra G* (seen as a N 2_dimensional
vector space) of G = U(Ny, N_). The constraints Cy(z) = A%py = v, induced by the Casimir
operators (B4) foliate C*°(G*) into Poisson algebras C*°(Fy). The leaves F' (coadjoint orbits,
flag manifolds) of G* admit a symplectic structure (F,$2), where 2 denotes a closed two-form
—XKabhler form (PQ)— which can be obtained from a Kéhler potential (PI]) as described at the
end of Appendix [A]. After this foliation, the Poisson bracket () becomes

1010 a¢a a¢ c
{Yastbp} = E 6: Qeriaals Oz161 850‘21752 - Zfab%’ (76)
a;>p05 c

where 9,5 belong to a given irrep Hz(G). The structure constants for ([f6) can be obtained
through f5 = (¢ | {¥a,¥p}) when the set {1),} is chosen to be orthonormal. To each func-
tion ¢ € C°°(F), one can assign its Hamiltonian vector field Hy, = {4, }, which is obviously
divergence-free and preserves the natural volume form QY (N=1)/2 " Thus, the space Ham(F)
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of Hamiltonian vector fields is, in general, a subalgebra of the algebra sdiff(F') of symplectic
(volume-preserving) diffeomorphisms of F', as stated in (). They only (essentially) coincide in
two dimensions, where Fy = S§? and Fy; = S! (the sphere and the hyperboloid) [F7].

The author is aware that some of the previous physical ideas are still rather conjectural and
not quite developed or founded. Nevertheless, the mathematical structure, as such, is somewhat
promising and deserves further study. A more explicit interconnection between tensor operator,
group, Poisson and symplectic diffeomorphism algebras, and non-commutative geometry on
U(N4,N_) is in progress [5g].

5 Conclusions and outlook

The long sought-for unification of all interactions and exact solvability of (quantum) field theory
and statistics parallels the quest for new symmetry principles. Symmetry is an essential resource
when facing those two fundamental problems, either as a gauge guide principle or as a valuable
classification tool. The representation theory of infinite-dimensional groups and algebras has
not progressed very far, except for some important achievements in one and two dimensions
(mainly Virasoro and Kac-Moody symmetries), and necessary breakthroughs in the subject re-
main to be carried out. This article intends to fill just part of this gap by providing tractable
higher-dimensional analogies of the infinite two-dimensional conformal symmetry and its gen-
eralizations in the context of higher-conformal-spin fields on anti-de Sitter spaces. We have
discussed the potential role of these new symmetry algebras in the understanding of important
aspects of (the still unknown) quantum gravity like: radiation phenomena and quantum (non-
commutative) structure of the space at Planck scale. The next step will consist in an exhaustive
study of the representations of these tensor operator (and group) algebras and the construction
of invariant geometric action functionals. Other facets in which these symmetries could be of use
are: integrable (classical and quantum) nonlinear field models and phase transitions in higher
dimensions.

A Appendix: Higher-U(2,2)-spin fields on AdS;

In order to put coordinates on AdSs, the ideal choice is the Bruhat cell decomposition [[J]
of SU(2,2) for the flag manifold Fyo = SU(2,2)/U(1)3 (e.g. the maximal coadjoint orbit
of SU(2,2)). According to this Bruhat decomposition, the flag manifold F52 can be covered
with several coordinate patches. We shall restrict ourselves to the largest cell which provides a
complex coordinatization {zag, > [ = 1,2,3} of nearly all F; 5, missing only lower-dimensional
subspaces. A triangularization process

Uy Ug U3 Ug 21 2o Z3 7z
Ul U2 U1z U4 1 0 0 0
Ul U2 U3 U 291 1 0 0
’ — (77)
U3l U2 U3 U34 z31 232 1 0
Uql  U42  U43 Udd 241 242 a3 1

gives us the coordinates

U2 _u31 _Uq1
221 = T, R31 = T, R4l = ——,
Uil Uil Uil

23



_UI1U32 — U12U3] _UI1U42 — U12Ugl

232 = ) 242 = ; (78)
U1 U2 — U12U2] U1 U2 — U12U2]
u13(U21 U4 — Uzaua1) — U (Ut1Ua2 — Ur2Ua1) + Uaz (U1 U2 — U12U21)

u13(ug1use — ugausr) — ugg(uiiuse — ur2usn) + ugs(uiiuge — uiguar)’

243 =

on the 6-dimensional complex (non-compact) manifold F5 5. These coordinates are defined where
the denominators are non-zero. Other patches basically correspond to different locations of 0’s
and 1’s in the “triangularization” process (7). The Cartan subgroup U(1)? corresponds to
diagonal matrices h = diag(h, ha/h1, hs/ha,1/hs) with coordinates

~ (un 1/2 _ (u11uzs — uipu 1/2
hi=|— y ha = ; (79)

U1 U122 — U12U21

hy = <U13(U21U32 — ugu31) — ugsz(ui1uge — u12us1) + usz(ur1u — U12u21)> /
U3 (21 Uz — Ug2lsz1) — Ugg(U11Us2 — U12Us1) + Usg (U112 — Ur221)

Let us regard any pseudo-unitary matrix v € SU(2,2) as a juxtaposition of four column vectors
v = (U1, Uy, U3, 74). The expression of v in minimal coordinates z,3 can be obtained (up to torus
elements h) by means of an “adapted” Gramm-Schmidt orthonormalization process of the set

{Z,} in ([T7) as follows:

— — — — —
7 <za _ Gatamy) o Mﬁ» - o (80)
(Ba1, Va1) (1, 51) (o (@, )Y

where (i, U3) = Uaun"" vg, denotes a scalar product with indefinite metric n = diag(1,1, -1, —1).
The explicit expression of (B() proves to be:

1 —Zo1 + 232231 + 242241
L1 221 | 1+ 232291231 — 231231 + 242221241 — 241241
v1T = = , U2 = _ _ _ _
Ar | 231 A1As | 230 + 232201721 — 221231 + 242231741 — 232241241
241 242 + 242721221 — 242231231 — 221241 + 232231241
[—Z32Z01 — Za2243%21 + Z31 — 242Z42731
+230242243%31 + Z32242241 + 243241 — 232732243741
[Z32 + Za2243 — 242242221731 + 232242243221 731 — 242243731231 + 242731241
7 = 1 + 230242291241 — 232732243221 241 + 232243231241 — Z327417241)
AgAj [1 — 242240 + 230240243 — 242742291221 + 232242243221 221 — 242743721231
+Z49 201241 + 2422217241 — 232243221241 + 243231241 — Z41741]
[Z32242 + 243 — 232232243 + 232242201221 — 232732243221 221 + 232243721231
— 242221231 + 232243221231 — 243231231 — 232221241 + 231241
—Z42Z21 + 232243721 — 243231 + Z41
7 = 1 Zag — Z32743 (81)
As —Z43
1
where
A1(z,2) = 1+ |z — |21 — |za? (82)
As(2,2) = 1+ |z32241 — 2a2231]2 — |232]2 — |242]% — 232201 — 2312 — |242201 — 2412
Asz(z,2) = \/1 + |243]% — |za2 — z43232|% — 241 + 243232221 — 242221 — 243731 |
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are three characteristic lengths that will play a central role in what follows.

Using a relativistic notation, we may say that the vectors ¢} and ¥y are “spacelike” (that
is, (¥h,2,71,2) = 1) whereas ¢3 and ¥y are “timelike” (i.e, (U34,734) = —1); this ensures that
vnvl = 1. Any v € SU(2,2) matrix in the present patch (which contains the identity element
z =0 = Zh = 1) can be written in minimal coordinates z,g,Zag,hg, @ > B = 1,2,3 as the
product u = vh of an element v on the base F 5 times an element h on the fibre U(1)3.

Once we have the expression of a general SU(2,2) group element g = u in terms of the
minimal coordinates u = u(zag, Zag, h3), We can easily write the group law «” = v/ e v and
compute the left- and right-invariant vector fields (R1p4), as for the SU(1,1) case (B3,p4). We
shall not give the (rather cumbersome) explicit expression of the, let us say, right-invariant vector
fields, but the relation between them and the step operators (p(J) with commutation relations
(b1)). This correspondence is:

X =X XE - X0, XL — X" - Xp T, a>p5=1,23 (83)
The Casimir operators for SU(2,2) are easily written in the basis of step operators as follows:
Cy = Xo’X5%, C3=X"X5"X,* Cy=X."X37X,7X,". (84)

where the trace C; = X% is zero for special groups. Associated with the previous three
Casimir operators, there are three possible choices of time-generators X; s = w_25X }%B to construct
the Hilbert space Hg(SU(2,2)) of holomorphic (i.e. XF1) = 0) wave functions 1) on AdSs. The
general solution to the equations of motion proves to be:

L., _
e } = ) (u) = W (b, 2, 2)(2), (55)
Zap
where 5
W (h,z,2) = [] (hsAs(2.2) 77, 0(2) = al) T[] (Zap)™ (86)
B=1 m a>f3

represents the vacuum wave function W), which is written in terms of the toral (angular)
coordinates hg and the typical lengths Ag in (@), and ¢ is an analytic power series, with
complex coeflicients ag,f ), on its arguments Z,g, respectively. The index m denotes an integral
upper-triangular 4 x 4 matrix (see Eq. (6J)) and S = (S, S2, S3) is the SU(2,2)-spin three-
dimensional vector which lies on a half-integer lattice. Let us discuss the range of variation of
the Sz and m,p indices.

The sign of the SU(2,2)-spin indices Sg depends on the (non-)compact character of the
corresponding simple roots (the ones whose generators X,g are labeled by a8 = 12,23,34). In
this notation, the roots a3 = 12,34 are of compact type, which implies S1,S3 € Z*/2, and
the root a3 = 23 is of non-compact type, which leads to Sy € Z~ /2. This also guarantees the
finiteness of the scalar product (R() with left-invariant integration measure

i 1 H
h>tdh AR (208) N dS(203), 87
CROTINAWE B/z\l E ﬁa/>\ﬁ (2a) A dS(2ap) (87)

and the unitarity of the representation p(u' )% (u) = ¥ ('~ L eu) of SU(2,2). We can still keep
track of the extra U(1) quantum number Sy that diferentiates U(2,2) ~ (SU(2,2) x U(1))/Z4

dPu =
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from SU(2,2) representations. The U(2,2) wave functions () depend on an extra U(1)-factor
(hg)~2%t hy € U(1) in the vacuum wave function W) in (B@), where the relation between
the U(2,2)-spin labels I = (I, I, I3,14) of Sec. ({]) and the SU(2,2) x U(1)-spin labels S =
(S1,852,853,54) is Sg = Ig— 141, =1,2,3 and Sy = I + I + I3+ I4 (the Casimir C; —trace—
eigenvalue). For completeness, we shall give the action of the Cartan subalgebra (Hamiltonian
operators) on basic wave functions wff’ =w® [Ias5(Zap) ™8 of Hs(SU(2,2)). It can be easily
calculated from the explicit expression of the right-invariant differential operators X ffﬁ and is
proven to be:

Xl = (285 +mg —mgy)0ly), (88)

where mg is defined after Eq. (fJ); note that the eigenvalue (2S5 + mg — mg41) of X}}fﬁ can

also be written as 2(I‘+ F; 41); where Ffﬁc = Ig £ mg/2 is a characteristic quantity that plays
a central role (for example the structure constants of the algebra () and its higher order
quantum corrections ([f(J) could also be written as powers of I'’s). It is also worth noticing
that, from (BY), the quantities Eg)) = hwgSp represent the vacuum expectation values (zero-
point energies) of the Hamiltonian operators Xt};‘“ defined above. The action of the remainder
operators X fz on basic functions can also be calculated in the same way, although we shall not
give the explicit expression here.

In order to find the domain of the matrix indices mqg for each set of spin labels {S3}, an
“orbit-through-the-vacuum” procedure could be used, which consists in an iterative application
of raising (creation) operators ng , on the vacuum zbés). Another possibility is to look at the
propagator A(%)(u,v’), whose particular form can be inferred from the expression (£g) for the
AdS; case; indeed, it can be written in terms of the lengths Ag as follows:

/ 3 Ag(2', z)45s
A ut) = 3 S0 = s [ s e T

where N,(ff ) are the normalization (squared) constants of the basic functions 1/)5;? ) and kg is a
global constant depending on S. The expansion of the factor Ag(2,2)*% in (8Y) in powers of
Zo5Zap tells us which myg, are present in the summation (B9) —and (Bf)— for a given SU(2,2)-
spin S. Taking into account that S3 < 0, it is clear that some of the m,s indices have no
upper-bound, as corresponds in general to unitary irreducible representations of non-compact
groups.

Before concluding this Appendix, let us briefly comment on K&hler geometric structures on
the flag manifold F5 5 (it also applies to general F’ Ny N ). Since the flag manifold F; 5 is a Kéahler
manifold [BY], it possesses complex local coordinates z,g ([[§), an Hermitian Riemannian metric
g and a corresponding closed two-form (Kéahler form)

ds? = g*PM Az 5dZ,,, Q= ig®P M dzas A dZu, (90)

which can be obtained from the Kéahler potential

K9 (z, z) ZQSglnAﬁ(z Z) (91)
B=1
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through the formula g®#m = -2 _0

= s T K for a given coadjoint orbit of SU(2,2) characterized

by the indices Sz. Keep in mind that, in complex diferential calculus, 0> = 0 = 0% and
90 + 90 = 0. Note also that, the Kihler potential K(5)(z, %) essentially corresponds to the
natural logarithm of the vacuum W®)(h, 2, 2) in (Bf), up to toral coordinates h.
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