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Abstract

We present the quantum mechanics of “partial-trace” non-linear sigma models, on the
grounds of a fully symmetry-based procedure. After the general scheme is sketched, the
particular example of a particle on the two-sphere is explicitly developed. As a remarkable
feature, no explicit constraint treatment is required nor ordering ambiguities do appear.
Moreover, the energy spectrum is recovered without extra terms in the curvature of the
sphere.

11.30.-j, 03.65.-w, 05.45.-a.

1 Introduction

The quantization of simple second-class constrained mechanical systems has usually been ac-
complished by adopting as canonical commutation relations those given by the so-called Dirac
algorithm. This method, although successful in many situations, can potentially lead to wrong
results, and additional strategies or physical considerations are needed. This, which is not a
serious problem when the system under consideration contains “known physics”, as in the case
of the free particle constrained to move on a sphere surface [1, 2, 3], could become dramatic if
we want to unfold new physical features.

In general, canonical quantization makes extensive use of Hamiltonian formulation of clas-
sical mechanics, trying to put the classical theory in a form in which the quantization would be
straightforward and/or as unambiguous as possible. However, it should be recalled once again
that it is the quantum system what contains the physical entity, the classical theory being a
mere approximation.

This paper is devoted to show how, in the case of the partial-trace non-linear sigma model
(NLSM) at least, a proper quantum theory can be obtained straightforwardly if one leaves
aside the idea that the classical theory must lead to the quantum one through a process of
quantization, which is inherently ambiguous. Here we suggest that the quantized system should
be directly obtained through a deeper knowledge of the corresponding dynamical symmetry
transformations, i.e. those that are able to span the whole space of physical states (and/or pa-
rameterize the classical solution manifold by means of Noether invariants). We aim at obtaining
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the quantum theory not from an appropriate treatment of canonical classical quantities, but
from a clear algorithm based in the complete symmetry of the system, which naturally selects
the basic quantum operators. This method, named Group Approach to Quantization (GAQ)
[4], has proved to be successful for many physical systems (see, for instance [5] and [6]).

After introducing the general setting of the problem we shall be explicitly concerned with
the example of SU(2).

2 Sigma Model-type systems

Generally speaking, the non-linear sigma model (NLSM) consists of a set of coupled scalar fields
ǫi(xµ), i = 1, . . . , d, in a D-dimensional spacetime M,µ = 0, 1, 2, . . . ,D − 1, with Lagrangian
(density)

LΣ =
1

2
κgij(ǫ)∂

µǫi∂µǫj, (1)

where ∂µ = ηµν∂ν , ∂ν = ∂/∂xν , η is the spacetime metric and κ a constant. The field theory (1)
is called the NLSM with metric gij(ǫ) (usually a positive-definite field-dependent matrix). The
fields ǫi themselves can also be considered as the coordinates of an internal (pseudo-)Riemannian
manifold Σ with metric gij .

In this letter we shall restrict ourselves to the quantum mechanical case D = 1, so that the
fields ǫi(xµ) are just curves ǫi(t) on Σ, which we shall take as a (semisimple, linear) Lie group
manifold G, or a given coset G/Gλ (see later). Let us denote by g = eǫiTi an element of G,
where Ti, i = 1, . . . ,dim(G), stands for the Lie algebra generators, with commutation relations

[Ti, Tj ] = C k
ij Tk. For the sake of simplicity, we shall choose Ti in the adjoint representation,

whose matrix elements are (Ti)
k
j = C k

ij . Then the Killing form, used to raise and lower indices,

is given by Kij ≡ C k
il C l

jk = TrG(TiTj). With this notation, the NLSM Lagrangian acquires
the simple algebraic form:

LG =
1

2
κTrG(θθ) , (2)

where θ ≡ g−1ġ and here κ is intended to have the dimensions of an inertia moment.
It is well-known the difficulty found by canonical quantization in dealing with non-linear

systems. Even symmetry-based quantization techniques face the impossibility of parameterizing
the solution manifold by a finite dimensional Lie group. This is essentially because g−1ġ is not
a total derivative, except for Abelian groups. However, this obstruction disappears when the
manifold Σ is considered to be a coset G/Gλ of G, Gλ being the isotropy subgroup of a given
Lie algebra element λ under the adjoint action λ → gλg−1. To be precise λ should have been
defined as an element of the dual of the Lie algebra, which is equivalent to the Lie algebra since
G is semisimple. In this sense λ, which can be seen as an ordinary vector, may be endowed
with length dimensions so that κ would appear as a mass m rather than an inertia moment.

In this case, the (total-trace) NLSM Lagrangian (2) takes the (partial-trace) form:

LG/Gλ
=

1

2
mTrG/Gλ

(θθ) ≡
1

2
mTrG(θλθλ), (3)

where we have defined
θλ ≡ [θ, λ] . (4)

It can be realized that, defining

S ≡ gλg−1, g ∈ G ,
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we have an alternative way of writing (3) as

LG/Gλ
=

1

2
mTrG(ṠṠ) =

1

2
mKij Ṡ

iṠj, . (5)

where Si ≡ TrG(T iS). Note that this Lagrangian is singular due to the existence of constraints
like, for example, TrG(S2) = TrG(λ2) ≡ r2. We shall not deal with constraints at this stage.
They will be naturally addressed inside our quantization procedure below.

We can try to find two sets of generators mimicking the basic symmetry of the Galilean
particle (i.e., translations and boosts). For the first set, we choose the generators of the group
itself:

Xi = C k
ij Sj ∂

∂Sk
+ C k

ij Ṡj ∂

∂Ṡk
. (6)

The Lagrangian (5) is strictly invariant under the action of these generators, i.e.:

LXi
LG/Gλ

= 0 , ∀i = 1, . . . ,dim(G) ,

where LX stands for the Lie derivative with respect to a generator X. In this computation, the
fact that the product KlmC l

ij ≡ Cijm is fully antisymmetric has been used.
As far as the second set of symmetries is concerned (those playing the role of boosts), we

propose the following one:

X ′

i =
∂

∂Ṡi
. (7)

These generators leave the Lagrangian semi-invariant in the sense that they give a total
derivative (thus leaving the action strictly invariant), much in the same way the generators of
boosts do in the free Galilean particle, that is,

LX′

i
LG/Gλ

= mṠi, ∀i = 1, . . . ,dim(G) . (8)

The generators (6) and (7) close a finite-dimensional Lie algebra with commutation relations

[Xi,Xj ] = −C k
ij Xk,

[

Xi,X
′

j

]

= −C k
ij X ′

k,
[

X ′

i,X
′

j

]

= 0. (9)

The corresponding symmetry group is the (co-)tangent group of G and will be denoted by G(1)

(see [7] as regards gauge theory).
We shall assume this algebra (in fact, a central extension of it) as the basic symmetry of

the quantum particle constrained to move on the manifold G/Gλ. In fact, the semi-invariance
(8) of the Lagrangian suggests the presence of a central extension G̃(1) of the group G(1), as
happens in the quantum Galilean particle [8]. At the Lie algebra level, this central extension
only affects the second commutator in (9), which now reads

[

X̃i, X̃
′

j

]

= −C k
ij X̃ ′

k − C k
ij λk

m

~
Ξ (10)

where Ξ denotes the central generator.
This centrally extended group G̃(1) is the group of strict invariance of the system, and con-

tains the necessary information to obtain the quantum theory. Although this central extension
is trivial from a strict mathematical point of view, in the sense that a redefinition of a generator
eliminates the central generator from the r.h.s. of the Lie algebra commutators, physically it
behaves as a non-trivial one, since under an Inönü-Wigner contraction (limit process) leads to
a non-trivial extension of the contracted group [9] (see also [10] and references therein).

It should be remarked that the commutation relations providing the central term on the
right hand side generalize those of the Heisemberg-Weyl algebra, where X̃i play the role of (non-
Abelian) “translation” generators, and X̃ ′

j the role of “boost” generators, although restricted to
the coset space G/Gλ. This point will be further clarified in the example of the SU(2) group.
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3 Quantum theory

The leading idea is to obtain an irreducible and unitary representation (unirep) of the basic
group suggested in the previous section, i.e. the (centrally extended) G̃(1) . The central extension
will select a specific representation, associated with a given coadjoint orbit.

This can be performed in any desired way. Here we shall choose a specific algorithm, GAQ,
developed by some of the authors.

3.1 Group Approach to Quantization

The basic idea of GAQ consists in taking advantage of having two mutually commuting copies
of the Lie algebra G̃ of a group G̃ (G centrally extendended by U(1)) of strict symmetry of a
given physical system, that is,

XL(G̃) ≈ G̃ ≈ XR(G̃)

in such a way that one copy, let us say XR(G̃), plays the role of pre-Quantum Operators acting
(by usual derivation) on complex (wave) functions on G̃, whereas the other, XL(G̃), is used to
reduce the representation in a manner compatible with the action of the operators, thus providing
the true quantization.

In fact, from the group law g′′ = g′ ∗ g of any group G̃, we can read two different actions:

g′′ = g′ ∗ g ≡ Lg′g

g′′ = g′ ∗ g ≡ Rgg
′

The two actions commute and so do the generators X̃R
a and X̃L

b of the left and right actions
respectively, i.e.

[X̃L
a , X̃R

b ] = 0 ∀a, b .

The generators X̃R
a are right-invariant vector fields closing a Lie algebra, XR(G̃), isomorphic to

the tangent space to G̃ at the identity, G̃. The same, changing L ↔ R, applies to X̃L ∈ XL(G̃).
We consider the space of complex functions Ψ on the whole group G̃ and restrict them

to only U(1)-functions, that is, those which are homogeneous of degree one on the argument
ζ ≡ eiφ ∈ U(1); that is,

X̃L
φ Ψ = iΨ ,

where X̃L
φ is the (central) generator of the U(1) subgroup. On these functions the right-invariant

vector fields act as pre-Quantum Operators by ordinary derivation. However, this action is not
irreducible since there is a set of non-trivial operators commuting with this representation. In
fact, all the left-invariant vector fields do commute with the right-invariant ones, i.e. the (pre-
quantum) operators. According to Schur’s Lemma those operators must be “trivialized” in
order to turn the right-invariant vector fields into true quantum operators.

We have seen that the action of the central generator (which is, in particular, left-invariant)
is fixed to be non-zero by the U(1)-function condition. Thus, not every left-invariant vector
field can be nullified in a compatible way with this condition. That is, if

[

X̃L
a , X̃L

b

]

= X̃L
φ ,

then XL
a Ψ = 0, XL

b Ψ = 0 is not compatible with X̃L
φ Ψ = iΨ. Of course, this null condition on

Ψ can be imposed by those generators that never produce a central term by conmutation; they
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constitute the Characteristic sub-algebra GΘ. But also half of the rest of left-generators can be
joined to GΘ to constitute a Polarization subalgebra P.

Then, the role of a Polarization is that of reducing the representation, which now constitutes
a true Quantization. Therefore we impose that wave functions satisfy the Polarization condition:

X̃L
b Ψ = 0 , ∀X̃L

b ∈ P .

We refer the reader to Ref. [4] for further details.

3.2 The case of a particle on the sphere

The procedure presented above is quite simple when applied to the case of a particle moving
on the coset space S

2 ≡ SU(2)/U(1). We begin with a specific realization of the basic group
G̃(1), which in this case turns out to be a centrally extended Euclidean Group. In it, the
fields Xǫi , i = 1, 2, 3 generate ordinary rotations, parameterized by vectors ~ǫ whose direction
determines the axis of rotation and its modulus the angle of rotation by |~ǫ| = 2 sin χ

2 . In the
same way, the fields Xθi , i = 1, 2, 3 correspond to the (co-)tangent subgroup, parameterized by
θi. In terms of these variables the group law is:

R(~ǫ ′′) = R(~ǫ ′)R(~ǫ )

~θ ′′ = R−1(~ǫ )~θ ′ + ~θ

ζ ′′ = ζ ′ζ exp
{

i
mr

~

~λ ·
(

~θ ′′ − ~θ ′ − ~θ
)}

= ζ ′ζ exp
{

i
mr

~

~λ ·
(

R−1(~ǫ)~θ ′ − ~θ ′

)}

(R(~ǫ )ij ≡ (1 −
~ǫ 2

2
)δi

j −

√

1 −
~ǫ 2

4
ηi
·jkǫ

k +
1

2
ǫiǫj ),

where ~λ is an arbitrary, constant vector in the (co-)algebra with modulus r, and ζ ≡ eiφ is
the quantum mechanical phase. The ~ constant has been introduced to keep the exponent
dimensionless.

We can immediately calculate the corresponding infinitesimal generators of the left action,
which are the right-invariant vector fields:

X̃R
~ǫ = X

R (SU(2))
~ǫ

X̃R
~θ

= R−1 ∂

∂~θ
+

mr

~
(R~λ − ~λ)tΞ

X̃R
φ = Re

(

iζ
∂

∂ζ

)

≡ Ξ.

Needless to say that this set of generators closes (a particular case of) the Lie algebra that we
found in the previous section:

[

X̃R
ǫi , X̃

R
ǫj

]

= −η k
ij· X̃

R
ǫk

[

X̃R
ǫi , X̃

R
θj

]

= −η k
ij·

(

X̃R
θk +

mr

~
λkΞ

)

[

X̃R
θi , X̃

R
θj

]

= 0 .

We can compute as well the infinitesimal generators of the right action, which are the left-
invariant vector fields:
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X̃L
~ǫ = X

L (SU(2))
~ǫ − ~θ ∧

∂

∂~θ
−

mr

~

~θ ∧ ~λ Ξ

X̃L
~θ

=
∂

∂~θ

X̃L
φ = Re

(

iζ
∂

∂ζ

)

≡ Ξ,

closing the same Lie algebra but with opposite structure constants.
The characteristic module, i.e., the sub-algebra generated by those vector fields which do

not produce a central term under conmutation, and therefore without dynamical content, is
generated by two fields:

GΘ = 〈~λ · X̃L
~ǫ , ~λ · X̃L

~θ
〉,

A polarization sub-algebra is given by the characteristic module together with half of the
conjugated pairs:

P = 〈~λ · X̃L
~ǫ , X̃L

~θ
〉.

This must not be interpreted as constraint conditions, since they preserve the action of the
right-invariant vector fields, i.e., those which will be the physical operators. An alternative
treatment, making explicit use of constraints can be seen, for instance, in [11].

An irreducible representation of the group is given by the action of the right-invariant vector
fields of the group on the complex functions valued over the group manifold, provided that these
functions are polarized and satisfy the condition of U(1)-function:

PΨ = 0, ΞΨ = iΨ.

It can be easily checked that such functions (now true wave functions) are of the form

Ψ
(

R(~ǫ )~λ, ~θ, ζ
)

= ζΦ
(

R(~ǫ )~λ
)

,

where Φ is an arbitrary function, or equivalently, in terms of the variable ~S ≡ R(~ǫ )~λ (the
positions on the surface of a sphere of radius r):

Ψ(~S, ~θ, ζ) = ζΦ(~S).

The explicit action of the right-invariant vector fields on these wave functions is computed
to give:

X̃R
~ǫ Ψ = ζ

(

~S ∧ ~∇SΦ
)

= ~S ∧ ~∇SΨ

X̃R
~θ

Ψ = i
mr

~

(

~S − ~λ
)

Ψ.

It is possible to redefine the vector fields to obtain the actual quantum operators, acting only
on the arbitrary part of the wave functions. Thus, we end up with the explicit representation
over the wave-functions Φ depending only in the variable ~S = R~λ,

~̂LΦ(~S) ≡ i~~S ∧ ~∇Φ(~S)

~̂SΦ(~S) ≡ ~SΦ(~S).
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It becomes evident at this point that the domain of the wave functions have been naturally
selected without imposing any constraint condition as such.

As was previously emphasized, the ~̂L operators now play the role of “generators of trans-

lations” on the surface of the sphere, ~̂S playing that of a “position operator” on the sphere
surface1.

Finally, to obtain a Hamiltonian, we proceed as in the free particle: it is defined as the
generator of “translations” squared, so that

Ĥ =
~̂L

2

2m
=

~
2

2m
∇2.

There is no ambiguity in this expression, since it corresponds to the squared action of ~̂L as
a “basic operator”. Ĥ thus provides the energy spectrum

El =
~

2

2m
l(l + 1)

with no extra terms. Note that Ĥ coincides with the Casimir of SU(2) restricted to S
2. In the

general case, the energy operator will be the quadratic Casimir of G restricted to G/Gλ, and
this turns out to be the Laplace-Beltrami operator on G/Gλ.

4 Conclusions

As we have shown with the particular example of the free particle in the sphere S
2, the quan-

tization of a non-linear system can be achieved if the complete (quantum) symmetry of the
system is identified. As a remarkable advantage over other quantization methods, the followed
one, a Group Approach to Quantization, is coordinate-free, in such a way that the quantum
operators are automatically selected. In particular, this implies that there is no need to im-
pose any constraint. This is specially well suited for non-linear systems, where normal-ordering
problems arise in canonical quantization.

We would like to point out that a similar strategy can be explicitly adopted in dealing with
particles moving on coadjoint orbits of semi-simple groups, non-necessarily spheres, as shown
in our general scheme.
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would like to thank the C.S.I.C. for an I3P grant.

References

[1] H. Kleinert and S. V. Shabanov, Phys. Lett. A 232, 327-332 (1997)

[2] A. Scardicchio, Phys. Lett. A 300, 7-17 (2002)

[3] C. Neves and C. Wotzasek, J. Phys. A 33, 6446-6456 (2000)

1Note that, in this representation of the Euclidean Group, the relation ~̂S · ~̂L = 0 is fulfilled. However,

the Euclidean Group admits another family of central extensions, where ~̂S · ~̂L 6= 0, and the corresponding

representations can realize a magnetic monopole in the center of the sphere. They will be studied elsewhere.

7
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